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I Introduction

I.1 Author

Very little is known about Giridharabhatta, the author of the Caturacintamani
(Clever Wish-Fulfilling Gem), but we can probably identify him with the Giridhara-
bhatta who wrote a Jaganmani, since both authors call their fathers Virabhatta
(Birabhatta in the present manuscript) and most of the extant manuscripts of both
works have come from the north-western India (see CESS A2, 126b, and A5, 87a).
He mentions the date Saka 1509 = A.D. 1587 in the latter work (CESS A2, 126b).
He is also, probably, the author of a Tajakasabdaugha, who calls his father Sr1
Virabhatta in the colophon and Vanibhatta in the first verse (CESS A5, 87a).

In two verses of the Caturacintamani, a king (nrpati/$aha) called Sridani
(“wealth-giver”) is the main character in mathematical examples. Sridani is a gen-
erous king who offers horses and money to meritorious men (in Verse 21) and towns
to his devotees (in Verse 85). Giridhara seems to have had some connection with
the king Sridani, if he was a real king.

I.2 Contents and sectioning of the Caturacintaman

The Caturacintamani is a book on pati (algorithms), and consists of 89 (and a
few additional) verses of rules and examples on arithmetical problems including
mensuration (or geometry). Most of the examples are given answers without a
working process. There is no new topic in this work, but some topics are treated
from a new point of view, and others are given new formulas or solutions (see the
next section).

As is usual with a small mathematical treatise in Sanskrit, the Caturacint@mans
does not have a clear division of its contents into chapters, but seems to more or less
follow the sectioning of the L#lgvati (A.D. 1150) of Bhaskara II. This is but natural
since the Lilavat? was the best known, standard book of patT in medieval India.

The contents of the Caturacintamani are as follows. The sectioning and the
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section numbers are tentative. Notation: (A) indicates that A does not actually
exist in the manuscript and has been supplied by me. v. = verse. a, b, ¢, and d
after a verse number designate the four quarters of the verse.

Introduction (v. 1).
Weights and measures (paribhasa, v. 2).
Eight elementary operations of integers and fractions (karmastaka, v. 3).

Ll

Miscellaneous ({prakirnpaka)) operations (vv. 4-36).

Reversed operation.

({(Vv. 4cd-15 and 17ab are missing; Rule of concurrence was probably included

here (see under vv. 54-57).))

Divisibility.

Property of a traveling merchant.

Various equations of the first degree.

Rules of three, of five, of seven, and of nine.

Inverse rule of three.

Barter.

5. Practical mathematics of mixture ((misrakavyavahara), vv. 37-40).
Proportional distribution.

Equation of properties.
Interest.

6. Practical mathematics of series (sredhivyavahara, vv. 41-51).
Natural ser., square ser., cubic ser., and geometric progression.
Arithmetic progression.

Equations of journeys of two travelers.

7. Practical mathematics of plane figures (ksetravyavahara, vv. 52-76).

Sides and area of a right-angled triangle.

Areas of regular polygons.

((Vv. 58b—64 are missing.))

Circle and sphere.

Segment of a circle.

Irregular figures (fish-like, moon-digit-like, and drum-like figures).

8. Rules for shadows (dipacchayavidhi, vv. 77-80).

Shadow of a gnomon illuminated by a lamp.
Height of a bamboo stalk.

9. Rules for magic squares (sarvatobhadravidhi, vv. 81-86).

Quasi-magic squares.
Magic squares of odd and even orders.
Magic squares having any optional constant sum.

10. Concluding remarks (vv. 87-89).
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The contents and the sectioning of the Lilavati are as follows.

1. Weights and measures (partbhasa, including introductory remarks).

2. Determination of the names of decimal places (samkhyasthananirnaya).

3. Eight elementary operations (parikarmastaka).
Integers.
Fractions.
Zero.
4. Miscellaneous (prakirpaka) operations.
Reversed operation.
Operation with an optional number.
Operation with inequality (normal forms of equations).
Operation with squares (a certain type of quadratic equations).
Operation with a multiplier (a certain type of quadratic equations).
Rule of three and inverse rule of three.
Rules of five, of seven, etc.
Barter.
5. Practical mathematics of mixture (misrakavyavahara).
Interest.
Investment and proportional distribution of gain.
Filling a pond with water through several pipes.
Buying and selling.
Equation of properties after the exchange of jewels.
Purity of gold.
Combination.
6. Practical mathematics of series (sredhivyavahara).
Natural ser., square ser., etc.
Arithmetic progression.
Geometric progression.
Number of meters.
7. Practical mathematics of plane figures (ksetravyavahara).
Right-angled triangles.
Triangles and quadrilaterals.
Circle and sphere.
8. Practical mathematics of ditches (khatavyavahara).
9. Practical mathematics of brick-piling (citivyavahara).
10. Practical mathematics of timber-sawing (krakacikavyavahara).
11. Practical mathematics of heaped-up grain (rasivyavahara).
12. Practical mathematics of shadows (chayavyavahara).
13. Pulverizer (kuttaka, indeterminate equations of the first degree).
14. Net of digits (arikapasa, combinatorics).

135
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I.3 Characteristic features of the Caturacintamani

A comparative study of the Caturacintamani with other Sanskrit mathematical
works including the Lilavatr (abbr. L) shows the following features of the Catura-
cintamani.

—

“Weights and measures” (v. 2) and “Eight elementary operations” (v. 3) have
been greatly abridged.

2. The section on various equations of the first degree (vv. 22-29) under the
“Miscellaneous operations” has been elaborated, only a few of them having
been treated in the L. The topic is common in books on algebra like Bhaskara
Il’s Bijaganita, but Giridhara’s treatment of systems of linear equations (vv.
24-27) is unique.

w

. The application of the istakarman (“computation by optional number” or regula

falsi) to a system of linear equations (v. 30) is rare.

4. The vertical arrangement of the three terms of the rule of three (vv. 32-35ab)
is very rare.

5. Out of the eight kinds of “practical mathematics”, which have been fully dealt
with in the L (Sections 5-12), only four, namely, mixture, series, plane figures,
and shadows are taken up; and only two sections, namely, those for series and
plane figures, retain the name, “practical mathematics”.

6. Giridhara’s approximate formula for the area of an equilateral trilateral (v. 58a),
given in terms of its side, is very rare in India, though several other attempts
for the same purpose are known to have existed.

7. The value of m, 1889/600 (= 3;8, 54 when expressed sexagesimally), used in the
Caturacintamani (vv. 64-65) has not been attested in any other Indian works.

8. The “correction by one-twentieth” is made in the calculations of the surface area
of a sphere (v. 65) and of the area of a segment of a circle (v. 70%). The resulting
formula in each case implicitly corresponds to: 7 = 63/20 (= 3;9), although it
is not certain whether this value was recognized as m by Indian mathematicians.

9. The formula for an accurate calculation of the area of a segment of a circle (v.
70) is peculiar to Giridhara.

10. Like Sridhara’s Trisatika (rule 44), Aryabhata II's Mahasiddhanta (15.101) and
Narayana’s Ganitakaumud? (part 2, pp. 10-13), the Caturacintamani (vv. 73—
76) treats irregular plane figures such as a fish-like figure. Giridhara’s treatment
is, however, different from others’: Giridhara reduces them into segments of a
circle (curvilinear figures) while others mostly reduce them into triangles or
quadrilaterals (rectilinear figures). The L contains none of them.

11. The two topics, the pulverizer and the net of digits, which have been included
in the L and in Narayana’s Ganitekaumudi, have been omitted by Giridhara.

12. As in Narayana's Ganitekaumud?, the last section of the Caturacintamani
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is devoted to magic squares, which are not treated in the L. Naradyana and
Giridhara use similar terms for “a magic square”: the former calls it a bhadra
(“good one” or “lucky one”) while the latter a sarvatobhadra (“one which is
good for all directions or purposes”). Giridhara also uses cakra (“a disk” or “a
diagram”) for a magic square, which is unique to him. Thakkura Pheri uses
jamta (= Skt. yantra, “apparatus” or “diagram”) in his Ganpitasara. There is
no indication that Giridhara has been influenced by Narayana or by Thakkura
Phera. Instead, Giridhara’s methods for constructing magic squares of even and
oddly-even orders contain Islamic elements, while his method for odd orders
seems to be unique. The word, $aha (“a king”), of Persian origin, occurs once
in an example for magic squares (v. 85).

I.4 Manuscripts

Ms.: Jaipur City Palace Library, Pundarika Collection, Jyotisa Section, No. 57.
Folios 1-14. Incomplete: folios 2, 3, 9 and 10 are missing. Devanagari. Written
finely. 7 to 9 lines to a page, and about 30 letters (aksaras) to a line.

Use of “b” for “v” is a characteristic feature in the phonology of the present
manuscript (bilomabidhi for vilomavidhi, sarba for sarva, bada for vada, etc.).

The numbering of verses in the manuscript is made according to the order of
the second hemistitches of the verses. Therefore, when a verse is divided into two
halves, each of which prescribes a rule, and another verse for an example is inserted
in between the two halves, the first half of the first verse is not numbered in the
manuscript and the second verse is numbered before the second half of the first
verse. See, for example, Verse 22ab + Verse 21 + Verse 22cd, Verse 35ab + Verse
34 + Verse 35cd, etc. I have supplied the number for the first half of the first verse
in such cases.

A Caturacarucintaman: of Giridhara Bhatta is listed in the Catalogue of Sanskrit
Manuscripts in the Punjab University Library, Lahore 1932/41 (see CESS A2, 126b).
This seems to be another manuscript of the same work (see the second quarter of
Verse 1 for the addition of the word, caru, in the title), but it has not so far been
available to me.
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II Text

|! ériganesaya namah // $rigurubhyo namah // $risiryaya namah // 1b

pranamya gurum acyutam ganapatim giridam giram
suvrttam amalam sphutam caturacarucintamanim /
camatkrtikaram? param ganakamandalimandanam
pravacmi ganitam krtT giridharah sudhisammude // 1 //3

desakalajanitah paribhasah lokatah prathamatas tv avagamya

kalpanam* tadapavarttanakam va samvidhaya ganitam parisadhyam // 2 //5
yogo viyogo gunanam vibhago

vargo ghana$ catra tayo$ ca mule /

karmmastakam bhinnam abhinnakam va

jileyam tu tat sadgurusampradayat // 3 //®

atha vilomavidhau” siitram /
yutau viyogo viyutau ca yogo gune hrtir haravidhau® guna{m ca / 4ab /°
10
... )|kair nnisi / 4a

hrtva cauryena tacchistam pratar nitam vibhajya ca /
svasvamsam tat kiyad dravyam dakso (’)si ganite vada / 16 /!

dhanam 1024 (//)
sutram /

!The symbol, |, indicates the beginning of a page, obverse (designated a) or reverse (b), of a folio
with the folio number in margin.

2_krtim karam.

3Prthvi meter. Hereafter, I provide the name of the meter at the end of each stanza.

*tkalpanam.

5Svagata.

SIndravajra.

"bilomabidhau.

8 harabidhau.

9Upendravajra (half stanza).

OFolios 2 and 3, which contain Verses 4cd-15 and 17ab, are missing.

" Anustubh. / 16 / at the end of the previous line (after ca). See Verse 34 for a similar confusion

in numbering.
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agatadvijavarasya ca samkhyasamhati$ ca ganitam dravinam syat / 17(cd) /2
uda® (/)

navabhir brahmanair nitam dhanam nisSesatam gatam /
vigvai$ ca manubhis tattvais'® taddhanam syat kiyad vada / 18 //*

dhanam 40950 (//)
sttram /

istam riipam kalpa cadha(h)sthitam tad'®
irdhvam!® dattam sthapayet tad yathoktam /
hatva da(t)tva tad gunestamtarena

bhaktam manam jayate ’jiataraseh / 19 //!7

uda /

yadi gatd dhanino vyayato dasa

dvigunam urvaritam ca tatha dasa /
samabhavan nagaratritaye tv idam

dvigunam eti dhanam vada tat kiyat!8 / 20 //'9

dhanam 35 {//)
stitram /

dravyamtaram vajiviyogabhaktam
tad vajimiilyam dhanamiilyatulye / (22ab //)?°

uda® /

ekasmai gunine {')rpitam nrpatina éridanin3 vajinam |
satkam rupasatam tathanyagunine rupastakam vajinah /
astau tulyadhanav ubhav?! api yada jatau tu tau vajinah?? /

123vagata (half stanza).
13 yisvail Sscamanubhil {stvatvai2ss.
14 Anustubh.

13_sthitamcatad.

16 rpam.
17Salini.

18 titkimyat.
¥Drutavilambita.
20Half Indravajra.

21_dhanabubhav.

2yajine.

4b
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miilyam capi kiyad dhanam vada tada dakso {*)si ced daksina / 21 /%3

a$vamiilyam 46 samadhanam 376 (//)
sitram /

gajadikas?* cet prthag eva hatva-
bhistena yogam ca vidhaya sadhyam // 22 (cd) /?®

uda® /

da(t)tva parvoditam caikam dve ratne dvau trayo gajah /
datta(h) kramena ratnebhavajimilyani?® me vada / 23 {//)?"

29 agva3? dasaguna riipesu

ratna 1 gaja 2 a2%6 ri 100 | gaja vimsatyd guna
ratna 2 gaja3d a8 ri8

ksepyah (/) purvaval labdham ratnamilyam 52 / gajamiulyam 20 a$vamilyam
10 samadhanam 252 / param tu tathestena3! gunaniyam yatha riipamtarad

vastvamtaram anyapaksagam syat //

sutram /

ced dhanino bahavas tatra kramatas ta(d)dvayor dvayoh /
yogam krtvasakrd®? yava(d) dvayam piirvoktavat®® tatah / 24 /34

uda® /

dvi|catuhpamcasaptasvas caturnam dhaninam (tatha /) 5a
arkaghnah?® $ivasaptaksabhuva$ cen miilyam adisa / 25 //36

23Gardilavikridita.

24ste, between ka and $ce, crossed out.
25Upajati (half stanza).

26 ratnoscabhavaji-. $ca, between no and bha, crossed out.
27 Anustubh.

285

29 gunah.

30 gdvah 1.

3tste, between ta and the, crossed out.
32 krtva’sakrd.

33 _bat.

34 Anustubh (1st pada is hypermetric).
3% arkal2ghna.

36 Anustubh.
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nyasah | & 2 asvamilyam 24 samadhanam 180 //

sutram

gajadikas ced dhaninam tadanim yathestam ekasya vidhdaya milyam /
riipesu niksipya puroktavat tanmilyam hi sadhyam samamilyavitte / 26 /37

uda® /

yadi gaja3® dvicatuh$arasammita
nagadi$aksimitas®® ca turamgamah /
gajayama visayas® ca guna dhanam
dasaguna vada mulyadhanam kiyat / 27 /4

ga2 a7 ru280 gajah Satagunah a$vamilyam 10 (/ atha) va dasagunita
gad al0 ris0
gab a2 rudl
as$vah jatam gajamilyam 100 // samadhanam 550 (//)
siitram /

yatheccham ekasya vidhaya vittam tad anyartiponitam asvabhaktam /
miilyam tu tau sto yadi tulyavittau mithohateh syad yadi nasti ripam / 28 /42

uda® // 5b

yadasvas ta evarpita riipakas ced

vilomena tau tulyavittau bhavetam /

tada v3jimilvam tayor va navasva

nakha$va na ripam prthag me pracaksva / 29 /43

a6 ri8 | adyvasya$vamiilyam kalpitam 50 (/) adyasya dhanam 308 (//)

a8 ri 100

dvitiyasyas$vamiilyam 26 (/) samadhanam 308 // atha dvitiyodaharane | a 9
a 20

adyasyasvamilyam 20 / dvitiyasyasvamilyam 9 (/) samadhanam 180 //

3TUpajati.

38 pajah.

39ka, between ksi and mi, crossed out; a vertical stroke written left of ¢a crossed out.
O pisayas.

“IDrutavilambita. 127 / corrected.

*2Upendravajra.

*3Bhujangaprayata.
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stutram /

isto ’$vadikamityaptah phalaikyena vibhajitam** /
a$vadikaikamilyaikyam istaghnam sarvamillyakam*® / 30 /46

uda® //

arkkadvyabdhimita(h) krita asvebhostrah samena cet /
a$vadikaikamilyaikyam tri$ati taddhanam vada / 31 /47

jatam dhanam 360 asvamilyam 30 gajamilyam 180 ustramiulyam 90 //
atha trairasike sutram /

samajatl pramanecche karye cecchahatam phalam / |
icchaphalam pramanattam vyaste vyastavidhir bhavet / 32 /48
esa trairasikavidhih  pamcasaptanavadike /
svalparasivadhenaiva bahurasivadham bhajet / 33 /4°
icchapaksam phale nite tadvadho bahurasijah / (35ab /)50

uda /

pamcakena yadi sat kim astabhir masi ced dasasu va tada kati /
labhyate yadi phalam janatrayat pamcakat kati tada prthag vada // 34 //5!

5 mal 10| ja3 5| trai - pha 48 pamcarasiphalam 96 saptara -
6 5 8 |mal 10 5
8 6 5 8
traira pamcara®? | 6
saptara
pha 161 //
sutram // //
miilyam anyonyapaksastham bhandakapratibhandake / 35 (cd /)%3
44 bibhajiam.
45 sarba-.
6 Anustubh.
47 Anustubh.
48 Anustubh.
9 Anustubh.

0 Anustubh (half stanza).

*'Rathoddhata. // 34 // at the end of the prose comment on this verse (after pha 161 //).
52 pamca //.

%3 Anustubh (half stanza).

6a
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uda®®* /

ériphalani yadi saptakena sat plgasastir iha riipakais tribhih
ériphalatritayakena’® piligakan anayasva viganayya vetsi cet / 36 //%6

jatam 70 (//)
stitram /

misrahatam svasvadhanam
dhanasamyogair bhajed dhanaphalam | syat / (38ab /)>7 6b

uda® /

pamca sapta nava manavais tribhi§ carpitah samakalamtarena cet /
kasyacit tu tata eva saptatié cigatd vada kiyad dhanam prthak / 37 /%8

16 || 23 || 30

2 1

3| 3
sutram /

narahatadanavihinai ratnair iste hrte milyam / 38(cd) /5
uda® /

manikyanilarathavajigajan kramena
dignagabhanudinasaptamitan vilabdha(h) /¢°

smrtva puroktasapatham nijavastu caikam

dat(t)va mitho dvijavara$ ca tada sama(h) syuh (/) 39 /5!

ma 10 ni 8 ra 12 va 15 ga 7 (/) jatani kramena milyani ma 42 ni®? 70 ra 30 va 21
ga 105 samadhanam 478 (//)
stutram (/)

kalo bhaven masaphalamtaraptam

5 frruda®.

55 _trtayakena.

*Rathoddhata.

57 Arya (first half).

®Rathoddhata.

5 Arya (second half).

60 An unknown letter, like mr in Sarada, after the danda.
5! Vasantatilaka.

62 mi.



144 Takao Hayashi SCIAMVS 1

dhanamtaralat sati sambhave tu / (39% /)63
uda® /

dvisatkalamtaravrddhau trisatam dvisatam samarpitam yena /
yadi sakalamtaradhanayoh samati syat kena kalena / 40 /%4

labdhah®® kalah 25 // //
| atha éredhivyavahare sutram // Ta

saikapadena hatam padakhamdam samkalitam ca tad ekacayena /

® ramahrtam krtisamyutir atra / 41 /67

dvighnapadena hatam kuyutena®
samkalitasya krtir ghanayoge®® yugmapade dalite sati vargah (/)
ojapade vividhau gunakah syad esa vidhis tu padasya layamtam / 42 /%
vyutkramato gunajam krtijam yat tatphalam ekavihinitam aptam /

vyekagunena’® phalam mukhanighnam tad bhavattha gune gunitaikyam / 43 /™
uda® /

masi samkalitam vargayutim ghanayutim tatha /
dvimukham pamcagunitam tadaikyam ca prthag vada / 44 /™

padam 30 / sam 465 vargaikyam 94557 ghanaikyam 216225 gunitaikyam
(465661287307739257812 //)
stitram /

vyekapadaghnacayarddhayug adir gacchahata$ ca ya|thecchacaye syat / 7b
vyekapadaghnacayarddhavihinam samkalitam padabhajitam adih (/) 45 /™
padahrtam ganitam mukhahinitam vikupadarddhahrtam™ pracayo bhavet /

53Upajati (half stanza). Its counterpart is not found.
64Arya. The jagana as the 1st Caturmatra is irregular.
55 Jabdham.

8¢ kuyutam tad.

5"Dodhaka.

58ghanayoge /.

5*Dodhaka.

0 gikagunena.

"'Dodhaka.

72 Anustubh.

72 9320.

"Dodhaka.

S yikulpada-.
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cayagunair dvigunair’® ganitair yuta cayadaladiviyogakrtih padam / 46 /77
vimukham uttarakhamdayutam ca tad
bhavati gaccha ihottarabhajitam / (48ab /)78

uda® /

adye dine dasa tata$ caturuttarena

kascij janah pracalito (")nudinam ca masi /
svasthianam eti vada’™ me kati yojanani

tebhyo mukham pracayam atra padam vicarya / 47 /3

yo 2040 /
stitram /

mrdugatir gunit(a) divasamtarair gativiyogahrtaptadinair yutih / 48(cd) /%
uda® /

yo yojanatrikagatis calitas ca pascan

masatraye (")pi ca gate calito jano 'nyah /

yo|gas tayor®? nava gati(h) prativasaram ca 8a
dakso (*)si ced vada dinaih katibhir drutam me / 49 /%3

di45 //

sitram //
niyatagatir ya dviguna dvigunamukhona cayanvita pracayalabdha / (50ab /)84
uda® /

eko janah pratidinam datam eti canyah
pamcottarena ca kada yutir etayoh syat // 518%(ab) /86

stitram /

¢ ddhigunair.

""Drutavilambita.

"Drutavilambita (half stanza).

" bada.

80Vasantatilaka.

81 Drutavilambita (half stanza).

82 tuyor.

83Vasantatilaka.

84 Meter? Without pracaya it would be the first half of an Arya stanza.
8 50.

8Vasantatilaka (half stanza).
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dviguna gatir viripathaikacayenobhayor yogah / (50cd /)&
uda® /

stitagvini pathi satam yadi yati balo
hy ekottarena ca kada yutir etayoh syat // 51(cd) /38

di199 //
atha ksetravyavahare sitram /

karno dohkotivargaikyan milam dohkarnayos tatha (/)
vargamtarat padam kotih $rutikotyos tatha bhujah / 52 /89

uda® /

yatra kotir nrpas carkko bhujas tatra srutim vada /
kotim ca® dohsru|tibhyam me bhujam ca érutikotitah / 53 //°

atha kayoscid yogamtare jnate bhujakotikarnanam ekatame ca jfiate prthak-
karanartham stitram /

bhujakarnaikyabhaktas cet kotivargas tadamtaram /

tatha tadamtarenaptah kotivargas tu tadyutih / 54 (/)9
kotikarnaikyabhaktas ced bhujavargas tadamtaram /
karnakotyamtarenapto bhujavargas tu tadyutih / 55 (/)%
bhujakotyaikyavargonat karnavarga(d) dvisamgunat /

miilam tadamtaram jieyam amtarena tatha yutih // 56 /%
tatah samkramasiitrena kuryan manadvayam tatah /
bhujakotivadhasyarddham tatra ksetraphalam bhavet // 57 /9

bhuja 12 ko 16 ksetraphalam 96 /
atha samatryasradinam® ksetraphalartham stitram /

87 Arya (second half).
88Vasantatilaka (half stanza).
8% Anustubh.

Cyq.

9! Anustubh.

92 Anustubh.

93 Anustubh.

94 Anustubh.

9% Anustubh.

% samah tryasra-.

8b



SCIAMVS 1 The Caturacintamani of Giridharabhatta 147

bhujakrtir amarabdhiguna®’ (sahasrabhakta ... / 58ab /

...)% | paridhih 31/29 paridher vyasah 10 ksetraphalam 78/42 gole phalam 11a
314/50 (/)
suatram (/)

trighni vyasakrti(s) sthilam phalam gole nakhamsayuk /
vyasaghnam tac ca sadbhaktam golagarbhe ghanatmakam / 65 /%°

golaphalam!® sthiilam (315) sii 314/50 ghanaphalam si 524/47 //

paridhih 31/29

vyasah 10

ksetraphalam 78/42 //
gole phalam 314/50 /
golagarbhe ghanapha
lam 524 /

101

atha vrtte jyavyasasaranayanam /

vyasajyayutivivarahateh padam yat tadainitah karnah /

dalito vano viaravyasahatesoh padam dvighnam / 66 /192

jiva tadarddhavarga(c)

charabhaktaptadhyasayako vyasah /

srutyabdhighatayugjya-

labdham!®® jivamghripamcasamgunam vargam!®? / 67 /10
paridher vrtikrtipadas tadtnito ’smat padam tena /

hinam paridhidalam syac capam vaks(y)e phalam catra / 68 /106

97 amarabdhi4 33guna. End of folio 8.

98Folios 9 and 10, which contain Verses 58b-64, are missing.
%% Anustubh.

100 sthiigolaphalam.

101pig. 1: Circle and sphere. The figure contains the statement: wydsah 10 paridhih 31/29
ksetraphalam 78/42// gole phalam 314/50/ golagarbhe ghanaphalam 524/. See Fig. 1la in Appendix
C.

102Ary§..

108 srutyavdhih 4 ghata-.

104 _samgunad vargat.

105Gti with an extra guru at the end.

Y08 Jpagiti.
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uda® /
vrttaksetre dada|vyase jyastau tatra saram vadal®” /
$araj jivam Sarajyabhyam vyasam capamitim prthak (/) 69 /108

vyasa 10 vana 2 jya 8 capa 9/15 /

dhanuh $ara 2 109
9/15

capajyayutikhamdam dvidhesunadhyam vihinitam!'® ca tayoh (/)

capaphale siitram /

ghatac charakrtigunitan millam dvighnam trihrt phalam cape / 70 {/)1!!
vano sthulam va sarajivayogarddhaghno nakhamsasamyuktah (/ 70¢ /)!12

uda® //

vanas tat(t)vamito yatra capam pamcottaram $atam //
jya saptastamita mitra tatra ksetraphalam vada / 71 /13

capaphalam 1545 /

sa | 25

jya 87 114
capaksetre phalam 1545
sthiilam va 1470

107 pada.

108 Anustubh.

199Fig. 2: Arc and chord in a circle. The figure contains the statement: vya 10 jya 8 dhanuh 915/
(uncorrected) Sara 2. See Fig. 2a in Appendix C.

110 yihahinitam.

M Giti.

12)\eter? Without vano or sthalam it would be the first half of an Arya stanza, but there seems
no counterpart to this hemistitch.

113 Anustubh.

14pig. 3: Segment of a circle. The figure contains the statement: $a@ 25 jya 87 capaksetre phalam
1545 sthulam va 1470. See Fig. 3a in Appendix C.

11b
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atha matsyaksetraphale siitram /

matsyaksetre matsyapucchasyasitram
tat syaj jiva capavattatphalaikyam // (73ab /)!1°

uda® //

satsastipramitam stitram!'® yatra matsyodare dhanuh /
trisa/ptatimitam®'” tat(t)vamito bana(h)!1® phalam kiyat / 72 /°

phalam 1156 /

dhamu 73 ksetraphalam 1156//
da | 25

st 66

dhanu 73 120

atha camdrakalaksetraphale suatram (/)

camdraksetre '"dhodhanur jyam prakalpya

tat syat spastam capavat sadhayitva / 73(cd) /!*!

uda® //

navanakhapramitam saradigmitam??2

yadi dhanuh khagarapramitah!?? garah (/)
sasikalasu phalam vada me tada

yadi tavatitara ganite gatih // 74 //1%

pha 4960 /

115

116

117

Salint (half stanza).
sutram 66.

-mitam 73.

118 pana2s.

119 Anustubh.

149

120Rig, 4: Fish-like figure. The figure, which has been written in between the first and the second

quarters of the udaharana, contains the statement: dhanu 73 $a 25 si 66 dhanu 73 ksetraphalam
1156 //. See Fig. 4a in Appendix C.

121

122

123

Salin1 (half stanza).
navanakhapramitam 209 Saradigmitam 105.

khasara50pramitah.

124Drutavilambita.

12a



150 Takao Hayashi SCIAMVS 1

dhanuh 209

125
dhanu 105

ksetraphalam 4960

atha dumdubhiksetre sttram /

parévabhujaikyam capah $aro mukharddham'2?® jyaka srutir dvighnah /

sadhyam tato dhanurvat phalam sphutam dumdubhiksetre / 75 /127

uda® //

dumdubhau $atadalam ca tanmukham
parévabahuyutir aksadigmita!?® (/)
sarddha|vahniyugasammitah!?? $rutis 12b

tatra me vada phalam kiyad bhavet / 76 /3¢

pha 1545 (/)

mukha 50  pha 1545

karnah
parsva 43/1 30
bhuja bhujah
52/30 52/30
131

atha dipacchiayavidhau stitram //

dipasamkuvivaraghnasamkuto bha bhaved vinaradipabhajitat /

125 ig. 5: Moon-digit-like figure. The figure, which has been written in between the first and the sec-
ond quarters of the udaharana, contains the statement: dhanuh 209 $a 50 dhanu 105 ksetraphalam
4960. The dhanuh 209 has been written vertically in margin. See Fig. 5a in Appendix C.

128 usarddham.

127 A rya.

128 oksadigmita 105.

129 mitah 43/30.

130Rathoddhata.

131 pig. 6: Drum-like figure. The figure contains the statement: mukha 50 karpah {3/80 parsvabhuja

52/30 bhujah 52/30 pha 1545. See Fig. 6a in Appendix C.
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bhahrtan narayutam phalam tato dipakaucyam athava tu tad bhavet / 77 /132
bhaguno vinaradipako hrtah $amkuna bhavati dipaéamkubhiih / (79ab /)33

uda® //

$amkudipatalabhii radonmita dipakocchritir ihabhragsanmita /
dvadasamgulanarasya bham ito dipakaucyam iha camtaram vada!3* / 78 /135

dipasamkvamtarabhii(h) 32 dipocchritih 6(0) chaya (8 /)!36

sttram //

vamgabhagunitaéamkur ahrtah $éamkubhabhir iha vamsamanakam / 79{(cd) /137

uda® //

samabhuvi yadi venor bha bhavet khasti|tulya'®® 13a
dasaparimitasamkor bha yada vedatulya /

ganaka vada'®® mamagre vam$amanam kiyat syad

yadi ganitavidhane tvam pradhano (’)si vidvan / 80 /140

vams$amanam 400 (//)
atha sarvatobhadravidhau sitram //

aditah kramata$ camka lekhyah pamktyamtakosthakat!4! /
adho vilikhya'*? tatprstam apirya!?® ca punah punah / 81 /144
visame va same {'m)kanam evam sama'%® yutir bhavet /

tadadir madhyapamktyam ca sthapaniyas tatah kramat / 82 /146

132Rathoddhata.

133Rathoddhata (half stanza).

134 badah.

1%Rathoddhata.

136 A space for two aksaras is left blank after chaya.
137Rathoddhata (half stanza).

138 khasti1 80tulya.

139pada.

140MalinT.

141 _Lostakat.

142ylisya.
143dpﬂrvya.
144 A nustubh.
143 samam.

146 A nustubh.
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ekakosthapacitaya'®” vamam sadhyas tu pamktayah (/)
visame sarvatobhadre vidhir esa prakirttitah / 83
same ca prathamat kosthad4? ekatas tad(d)vayamtare /

dvike dvike likhed!®® amkan tato vamam tathaikatah / 84 /15!

atha tryadinavamtanam kosthanam!®? nyasah!®3

11 |12} 9

10

16° | 13 | 14

15

10

1311415

11

12

19 | 20 | 16

17

18

25 | 21 | 22

23

24

147 ekakosta-. ekako is filled in by a different hand.
148 Anustubh.

149 postad.

150 fised.

151 Apustubh.

152 postanam.

153 nam nyasah is written by a different hand in margin.

“Fig. 7: The quasi-magic square of order three.
bFig. 8: The quasi-magic square of order four.
“The last line of cells, 16-13-14-15, is missing.

4Fig. 9: The quasi-magic square of order five.

/148
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11 1213|4]5 e

8 |9 10(11]12| 7

15 {16 | 17 | 18 | 13 | 14

22 23124192021

29 |30 | 25|26 27|28

36/ | 31|32(33)|34]35

1 (2(34]5]| 6

9 |10|11]12 13| 14

17 |18 [ 1920 |21 | 15 | 16
25 | 26|27 28|22 23 | 24
33 |34135[29 |30 31 |32
41 |42 |36 |37 |38 39 |40
49 |43 | 44 | 45 | 46 | 47 | 48
1| 2 [3|4|5]|6]7]S8
10| 11 |12]13]14|15]16 ] 9
19| 20 | 212223 (24|17 |18
28 | 29% |30 |31 (3225|2627
37138 | 394033343536
46 | 47 |48 |41 |42 |43 |44 | 45
55 | 56 |49 | 50 | 51 | 52 | 53 | 54
64 | 57 | 58 | 59 {60 | 61 | 62 | 63

°Fig. 10: The quasi-magic square of order six.

39,

9Fig. 11: The quasi-magic square of order seven.

k1.
i97.

iFig. 12: The quasi-magic square of order eight.

kg8

153

13b
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11712 /13| 14 | 1516 |17 | 18|10
21 |22 {23 | 24™ | 25|26 27|19} 20
3113233 34 |35|36|28|29]30
41 | 42 |43 | 44 | 45|37 383940
51 | 52 | B3 | 54 | 46 | 47 | 48 | 49 | 50
61 | 62 | 63| 55 |56 | 57 | 58 | 59 | 60
7172|164 | 65 |66 |67 |68 |69 70
81 |73 |74 75 |76 |77 |78 |79 80

1216 | 719

1313 |2 |16

15| 8 | 1124 17 |7
16 114 7 1 5 | 239
22120, 13| 6 4
3 12119112 10
9" | 2 [ 25|18 | 11

'Fig. 13: The quasi-magic square of order nine. This square has been written in between the magic
squares of orders 7 and 8 below.

™ 22. The digit for the second decimal place is illegible.

"Fig. 14: A magic square of order three.

°Fig. 15: A magic square of order four.

PFig. 16: A magic square of order five.

127.

"The last line, 9-2-25-18-11, has been shifted to the right by one cell due to the magic square of

order four written below the bottom left corner.
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6 |28°(34| 2 |36 |5 |
30 | 18 {21 |24 (11| 7
20% | 23 |12 |17 | 22
10 13 126 19| 16 | 27
4 20 | 15|14 | 25| 33
32 9 3131131
28 119 |10 1 48 39 |30
29 | 27 | 18 9 7 47 | 38
37 13526 | 17 6 46
45 [ 36 | 34 | 25 16 14 5
4 |44 142 | 33 24 15 [ 13
12 3 [ 43| 41 |32% ) 23 |21
20|11 | 2 49 | 40v | 31v | 22
1 163|162 4[5 59|58 8
56 10 | 11 | 53 | 52 { 14 { 15 | 49
48 | 18 | 19 {45 | 44 | 22 | 23 | 41
25139 3828|129 35|34 32
33 3130|3637 |27 |26 |40
24 142 143 121 |20 |46 | 47 | 17
16 |50 | 51 | 13|12 |54 |55 | 9
57| 7 | 6 |60]61| 3 | 2 |64
27,

'Fig. 17: A magic square of order six. See Fig. 17a in Appendix C.

*22.

“Fig. 18: A magic square of order seven.

“Illegible due to a correction made on the manuscript.

“Fig. 19: A magic square of order eight.

155
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| 45134123 |12 1 80 | 69 | 58 | 47
46 | 44 133 (22 | 11 9 | 79|68 |57
56 | 54 |43 32| 21 | 10 | 8 | 78 | 67
66 | 55|53 42| 31 | 20 |18 7 |77
76 165 (63 [ 52| 41 | 30 {19 | 17 | 6
5 | 75|64 (62] 51 | 40 |29 | 27 | 16
1514 |74|72| 61 | 50 | 39| 28 | 26
25|14 3 |73 71 | 60 | 49| 38 | 36
35124 |13 |2 |81° | 70° | 59 | 48 | 37

// uda® /

ekasitim puranam nrpativaradiroratnanirajitamghrih!4>

SCIAMVS 1

Y 14a

pradac chridaniséahah samanagaradhanam sevakebhyo navabhyah /

vrddhya caikottaranam vada vimalamate yat prthakstham dhanam tat!4®

tvam ce(d) dakso (’)si bije vinimayasamaye

sttram //

147 <)>

pamktihrtena éredhiphalena rasir vibhajitah!4® pracayah

py evam anyonyato va / 85 /148

pamktya hrtam avasistam'®® mukham tatah piirvavat'® parttih / 86 //!52

YFig. 20: A magic square of order nine.
£19.
a13
2
b8
1
‘Illegible due to a correction made on the manuscript.
145 _narajinamghrih.
148 yimalamatapihprthaktamdhanamte.
147 pinimaya-.
18gragdhara.
1495,

150 qvasistam.

151 yirbavat.

15213xry5..
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120% | 20 | 160 | °
tripamkticakre triSatisamayogartham nyasah / 140 { 100 | 60

40 | 180 | 80

201 5 |26} ¢
ekapamcasadyogartham va / 231 17 |11

15 [ 127|119 | 39 | ¢
103 | 55 | 63 | 79/
71 | 87 | 95 | 47
111 | 31 | 23 | 135

catuhpamkticakre trisatiyogartham nyasah //

5 [ 19|18 | 8 | ¢
16" |10 | 11| 13
12 |14 15| 9
17 | 71]6 {20

pamcasadyogartham ca //

vinavyaktayuktya kilavyaktam uktam

vina yamtraritya ca vamsadikaucyam (/)

vinanalpakastam na kastaikagamyam

mayedam mude tadvidam kimcid uktam / 87 /1°°

yan maya nigaditam samasatas tat sudhibhir avalokya sadaram /
$odhaniyam apahaya matsaram prarthaneti ca mamasti tan prati / 88 /15!
mitaksararthagambhira dhiramtarmodadayini /

“12
bF‘ig. 21: A magic square of order three with the constant sum, 300. These four squares have been
written together after the third introduction, catuh ... nydsah //.

°Fig. 22: A magic square of order three with the constant sum, 51.

427

°Fig. 23: A magic square of order four with the constant sum, 300.

769

9Fig. 24: A magic square of order four with the constant sum, 50. The introduction for this square,
pamcasad ... ca //, has been written in smaller letters in margin.

11

150Bhujangaprayata.

151Rathoddhata.
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krtir giridharasyaisa'%? bhatu yavad dine$varah // 89 //'°3

// iti Sribirabhattatmajena giridharabhattena viracita$ caturacintamanih
samaptah // $ubham astu!®* //

152 giridhasyesa.
153 Anustubh.

154 gstuh.
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IIT Translation

I11.1 Introduction

159

Salutation to the Honorable Ganesa. Salutation to the Honorable Gurus (precep-

tors). Salutation to the Honorable Sun.

1. Having saluted the preceptor, the imperishable (Acyuta), the lord of
Ganas (Ganesa), the lord of mountains (Siva), and speech (Sarasvati), I, a
learned one, Giridhara, speak, for the sake of the pleasure of intelligent peo-
ple, a faultless, clear science of calculation (ganita) composed of beautiful
verses, (entitled) Caturacarucintamani (clever, lovely wish-fulfilling gem),
which produces admiration, which is the greatest, and which decorates the

circle of calculators.

I11.2 Weights and measures

2. Having understood first, according to common use, the terminology
(for weights and measures) produced in a specific area at a specific time,
and having made either composition or contraction of those (ratios), one
should perform calculation.

II1.3 Eight elementary operations

3. Addition, subtraction. multiplication, division, squaring, cubing, and
the root-extraction corresponding to these two (i.e., squaring and cubing);
this eight-fold {mathematical} operation, either of fractions or of integers,
should be known from the traditional instruction of good teachers.

II1.4 Miscellaneous operations

Now, a versified rule on the reversed operation:

4ab. In the case of an addition, a subtraction (is made); in the case of a
subtraction, an addition; in the case of a multiplier, a division; and in the
case of an operation of division, a multiplier (is made).

4ed
) Missing.
15
17ab
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(An example:)

16. ... When ... have taken away ... by robbery at night, and when
they have divided its remainder, which has been brought away, (equally
among themselves) in the next morning, how much property is the share
of each? Say, if you are skillful in calculation.

The property {of each) is 1024.
A versified rule:

17cd. The product of the numbers of the best of twice-born men (i.e.,
brahmanas) who have come shall be the calculated property.

An example:

18. A (certain amount of ) property did not leave a remainder when it was
(divided and separately) brought away by nine brahmanas, nor did it (when
it was brought away) by thirteen, fourteen, and twenty-five (brahmanas).
Say, how much will that property be?

The property is 40950.

A versified rule:

19. Suppose the optional (quantity) is unity. It is placed below. One
should place the given (quantity) above. When one has multiplied it (i.e.,
both terms) (by the multiplier) and given (i.e., added) (the “given” quan-
tity to the upper term repeatedly) as has been told (in the problem),
that (result), divided by the difference of the multiplier and the optional
(quantity finally obtained), becomes the value of the unknown quantity.

An example:

20. (In each town), ten (units of money) of a rich man are spent for
expenditure, the remainder is doubled, and likewise ten (are spent): if this
took place in three towns and (his) property becomes twice (the original
property), then say how much is that (original property)?

The property is 35.

A versified rule:
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22ab. The difference of the money (of two persons) is divided by the
difference of (their) horses. That (quotient) is the price of a horse when
the prices (i.e., values) of (their) properties are the same.

An example:

21. Six horses and a hundred rupas (monetary units) were given to a
meritorious man by the king (nrpati) Sridani,'5® and likewise eight ripas
and eight horses to another meritorious man. When both of them came to
have equal properties, how much is the price of a horse and (how much is)

the (equal) property? Say, clever one, if you are skillful (in calculation).

The price of a horse is 46 (ripas), and the equal property is 376 (rapas).

A versified rule:

22cd. 1f there exist elephants, etc. (in addition to money and horses in
a problem), then, having multiplied each (except one) by an optional
(number) and made the sum (of the products with the money), one should
obtain (the price of the remaining one as before).

An example:

23. When he had given the above said (articles to the two persons), one
and two jewels and two and three elephants, in order, were given (again to
the same two persons). Tell me the prices of a jewel, of an elephant and
of a horse (when their properties are the same).

6

j1 e2 h6 rzl100 156 The (number of ) elephants multiplied by twenty and

j2 e3 h8 ra8

the (number of) horses multiplied by ten are to be added to the rapas. The price
of a jewel obtained as before is 52. The price of an elephant is 20, the price of a
horse 10, and the equal property 252. However, the multiplication (by an optional
number) should be made in such a way that, (in the equation), the difference of the
things will go to the side (paksa) opposite to the difference of the rapas.

A versified rule:

155The word $ridani, which means “a wealth-giver”, may or may not be a proper noun. See Verse
85 for the same word.

156; — jewels, e = elephants, h = horses, rd = ruapas.
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24. If there are many (i.e., more than two) rich men, when one has com-
bined them two by two in order until two (men only remain), then (one
should treat them) just as stated before.

An example:
25. If four rich men possess (in order) two, four, five, and seven horses and
eleven, seven, five, and one (ripas each) multiplied by twelve, then point

out the price {of a horse).

Setting-down | h 2 7 132 {137 The price of a horse is 24. The equal property is

180.

A versified rule:

26. If rich men possess elephants, etc. at that time (in addition to horses),
then when one has laid down the price of one (kind) according to one’s
will and added (the known prices) to the ripas (of each person), its price
should be obtained as stated before, when (their) properties have the same

value.
An example:

27. If the elephants (possessed by three persons) are measured (in order)
by two, four, and five (in number), and the horses by seven, ten, and
two, and the money (of each) is eight=two (28), five, and three, (each)
multiplied by ten, say what is the (equally) priced property?

e2 h7 rz280 {*® The (numbers of) elephants are multiplied by (an as-
e4d h10 ra 50
eb h2 ri 30

sumed number,) one hundred; (then) the price of a horse is 10. Or else, the (numbers
of ) horses are multiplied by (an assumed number,) ten; (then) the price of an ele-
phant is produced, 100. The equal property is 550 (in either case).

157h = horses, r@ = rapas.

1380 — elephants, h = horses, ri = ripas.
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A versified rule:

28. When one has fixed the property of one (of two persons) according to
one’s will, that (property), decreased by the ripas of the other and divided
by the (number of ) horses, is the price (of a horse) if the two (persons) have
equal properties. From mutual multiplication (of the numbers of horses
possessed by the two persons) there will be (equality of their properties)
if there is no ripa (for them).

An example:

29. When the same (numbers of ) horses and (of) rapas (as in Example
21)1%9 are given (to two persons, the latter being given) in inverse order,
or else, when they have nine and twenty horses but no rupa, if the two
(persons) have equal properties, then tell me the price of a horse separately.

he ras |'%0 The price of a horse of the first (person) is assumed to be 50.

h8 ra 100

(Then) the property of the first is 308, and the price of a horse of the second (person)
is 26. The equal property is 308. Now, for the second example, | |, g The price

h 20

of a horse of the first (person) is 20, and the price of a horse of the second is 9. The
equal property is 180.

A versified rule:

30. Any optional (number) is divided by the number of horses, etc. (sepa-
rately). The sum of the unit prices of the horses, etc., divided by the sum
of the quotients and multiplied by the optional number, is the (equal) price
of each (kind of commodity).

An example:
31. If horses, elephants and camels, measured respectively by twelve, two

and four, are bought for the same (amount of money), and the sum of
the unit prices of the horses, etc. is three hundred, then say that (equal

159Note, however, that in this example the price of a horse of one person is assumed to be different
from that of the other, while in Example 21 the price of every horse is the same.

160y = horses, ri = rapas.
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amount of ) money.

(The result) produced is: the (equal) money 360, the price of a horse 30, the price
of an elephant 180, and the price of a camel 90.

Now, a versified rule for the rule of three:

32. The standard and the requirement should be made to have the same
kind (of measure). The result, multiplied by the requirement and divided
by the standard, is the result of the requirement. In the inverse (rule of
three), there will be the inverse operation.

33. This is the operation for the rule of three. In the case of (the rules of)
five, seven, nine, etc., one should divide the product of the more numerous
quantities by the product of the fewer quantities.

35ab. When the result is brought to the side of requirement, the product
of {the quantities belonging to) that (side) is what is produced from the
more numerous quantities.

An example:

34. If six is (obtained) by means of five, what is (obtained) by means of
eight? Or else, if (that is obtained) in one month, then what is (obtained)
in ten (months)? If the result {is obtained) from three people, then what
is (obtained) from five? Say separately.

5 month 1 10 ) people3 5 E‘ml The result of the rule of three is
6 5 8 | monthl 10
8 6 5 8
r. of three r. of five 6
r. of seven

%. The result of the rule of five is 96. The result of the rule of seven is 161.

A versified rule:

35¢d. The prices are placed in the mutually opposite sides in the case of
barter (lit. in the case of commodity and counter-commodity).

An example:

161 = rule.
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36. When six bilva fruits are (obtained) for seven (rapas) and sixty betel-
nuts for three rapas here, you, calculating if you know, bring betel-nuts
for three bilva fruits.

(The result) produced is 70.

III.5 Practical mathematics of mixture

A versified rule:

38ab. One should divide the property of each one multiplied by the mixture
by the sum of the properties. There will be a result for (each) property.

An example:

37. If, (when) five, seven, and nine were offered to a certain person for
an equal interest by three men, seventy were obtained (in total) from that
(investment), say separately how much was (each) property?

(The result:) | 16 || 23 || 30
2 1
3

A versified rule:

38cd. When an optional (number) is divided by (the number of) the jewels
(of each person) decreased by the offer multiplied by (the number of)
persons, the (unit) price (of the jewels will be obtained).

An example:

39. When the best of twice-born men, (five in number), who have been
presented (respectively) rubies, sapphires, chariots, horses, and elephants
measured in order by ten, eight, twelve, fifteen, and seven, have remem-
bered the oath sworn (by themselves) before and have each mutually given
one of his own thing, then they will become equal (in property. How much
is the unit price of each thing?).

r 10, s 8, ¢ 12, h 15, e 7.162 The (unit) prices produced in order are: r 42, s 70, ¢
30, h 21, e 105. The equal property is 478.

162; — rubies, s = sapphires, ¢ = chariots, h = horses, e = elephants.
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A versified rule:

39°. If possible, the quotient from (the division of ) the difference of the
capitals by the difference of the monthly results will be the time.

An example:

40. Three hundred and two hundred are lent (respectively) on the interest
of two and six (per month) by a certain man. If there be equality of the
two capitals increased by (each) interest, in what time will it be?

The time obtained is 25 (months).
II1.6 Practical mathematics of series

Now, a versified rule in the practical mathematics of series:

41. Half the (number of) terms is multiplied by the (number of) terms
increased by unity. That is the sum (sankalita) (of a natural series) with
unity as the increase (i.e.. the common difference). (The sum (sankalita)),
multiplied by twice the (number of ) terms increased by unity and divided
by three, is here the sum of a square (series).

42. The square of the sum (sarkalita) is (calculated) for the sum of a cubic
(series). When an even (number of ) terms is halved, (the word) “square”
should be (put down), and when an odd (number of) terms is decreased
by unity, (the word) “multiplier™. This operation is (repeated) until the
(number of ) terms disappears.

43. The result which is produced in the inverse order by multiplication and
squaring (as indicated) is decreased by unity and divided by the multiplier
decreased by unity and multiplied by the mouth (i.e., the first term). That
is here the sum of what has been multiplied in this multiplication (series)
(i.e., a geometric progression).

An example:
44. Say separately, in a month, the sum (sankalita), the sum of the square

(series), the sum of the cubic (series), and the sum when the first term,
two, is multiplied by five (repeatedly).
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The (number of) terms is 30. Sam!®® is 465. The sum of the square (series)
is 9455. The sum of the cubic (series) is 216225. The sum of the multiplied is
465661287307739257812.164

A versified rule;

45. The first term, increased by half the increase multiplied by the (number
of ) terms minus one and multiplied by the number of terms, will be (the
sum) for any optional increase as desired. The sum (sarnkalita), divided
by the (number of ) terms and decreased by half the increase multiplied by
the (number of ) terms minus one, is the first term.

46. The sum (ganita), divided by the (number of ) terms, decreased by the
mouth (the first term), and divided by half the (number of ) terms minus
one, will be the increase. The square of the difference between half the
increase and the first term is increased by the sum (ganita) multiplied by
the increase and by two. The square root (of the result) is

48ab. decreased by the mouth (the first term) and increased by half the
increase. That (result) divided by the increase will be the number of terms
in this case.

An example:

47. A certain man. who has proceeded ten (yojanas) on the first day
and then with the increase of four (yojanas) every succeeding day, comes
back to his own place in one month. Tell me. How many yojanas (did he
travel)? [Tell me also} the mouth (the first term), the increase, and the
(number of ; terms in this case from them (i.e., from the known elements),
after having considered well.

2040 yojanas.

A versified rule:
48cd. The slower speed is multiplied by the difference of the days (of
the departures; and divided by the difference of the speeds. In the days

obtained, (there will be) the meeting (of the two travelers).

An example:

1639am is an abbreviation of sarikalita.

164The digits for the last answer are missing in the ms.
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49. A man whose speed is three yojanas (a day) starts (first) and later,
when as long as three months have elapsed, another man starts. The speed
(of the latter) is nine (yojanas) a day. In how many days does the meeting
of the two {men take place)? Tell me quickly if you are versed well (in this
computation).

45 days.

A versified rule:

50ab. The constant speed is multiplied by two, decreased by twice the
mouth (the first term), increased by the increase, and divided by the
increase. (The result is the time required for the meeting of the two
travelers).

An example:

51ab. A man goes a hundred (yojanas) a day, and another (goes one yojana
on the first day and) increases (it) by five (yojanas every succeeding day).
When will the meeting of the two (persons) be?

A versified rule:

50cd. The {constant) speed is multiplied by two and decreased by unity.
(In the days obtained there will be) the meeting of the two (persons) when
the increase (and the first term are) unity (in the previous rule).

An example:

51cd. If Aévini, who has given birth to a child, goes a hundred (yojanas)
on the road (every day) while the boy (goes one yojana on the first day
and) increases (it) by one (yojana every succeeding day), when will the
meeting of the two (persons) be?

199 days.
II1.7 Practical mathematics of plane figures

A versified rule for the practical mathematics of plane figures:

52. The ear (hypotenuse) (of a right-angled triangle) is the square root of
the sum of the squares of the arm (one of the two orthogonal sides) and the
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upright. Likewise, the square root of the difference between the squares of
the arm and the ear is the upright, and (that) of the ear and the upright
is the arm.

An example:

53. Tell me the ear when the upright is sixteen and the arm is twelve;
the upright from the arm and the ear; and the arm from the ear and the
upright.

Now, when the sum or the difference of any two (sides) and (the remaining) one
of the arm, the upright and the ear are known, a versified rule for separating (the
two whose sum or the difference is given):

54. The square of the upright, when divided by the sum of the arm and the
ear, is their difference. Likewise, the square of the upright, when divided
by their difference, is their sum.

55. The square of the arm, when divided by the sum of the upright and the
ear, is their difference, but the square of the arm divided by the difference
of the ear and the upright is their sum.

56. The square root from twice the square of the ear decreased by the
square of the sum of the arm and the upright should be known as their dif-
ference. Likewise, by means of the difference (of the arm and the upright),
the sum (of them is calculated).

57. Then, one should calculate (lit. make) the two (unknown) quantities
by means of the rule of concurrence. Then, half of the product of the arm
and the upright will be the area (lit. the field-fruit) in that case.

The arm is 12, the upright 16, and the area 96.

Now, a versified rule for the areas of (regular polygons such as) an equilateral
trilateral, etc.:

58ab. The square of a side (lit. arm), multiplied by thirty-three=four (433)
{(and divided by a thousand is the area of an equilateral trilateral. ...)

58cd
Missing.
b4
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... . The circumference is 31;29. The diameter for (this) circumference is 10.
The area is 78;42. The area (lit. the fruit) on the sphere is 314;50.

A versified rule:

65. The square of the diameter multiplied by three and increased by one
twentieth (of itself) is a gross area on a sphere. That multiplied by the
diameter and divided by six is the solid content inside the sphere.

The gross sphere-fruit (i.e., surface) is (315, and) the accurate one is 314;50. The
accurate solid-fruit (i.e., volume) is 524;47 (sic).

(Here is Figure 1.)165

Now, computation of chords, the diameter and arrows in a circle:

66. The ear'%® decreased by the square root of the product of the sum
and the difference of the diameter and the chord, halved, is the arrow.
The square root of the arrow multiplied by the diameter decreased by the
arrow, multiplied by two,

67. is the chord. The arrow increased by the quotient of the division of
the square of half of it (i.e., the chord) by the arrow is the diameter. The
square of the circumference!8” multiplied by a quarter of the chord and by
five is divided by the chord increased by the product of the ear and four.
68. A quarter of the square of the circumference is decreased by it (i.e.,
the quotient of the division). The square root of this (is taken). Half of
the circumference decreased by it will be the bow (i.e., the arc). I will tell
the area in this (i.e., of this figure) (in the next rule).

An example:
69. In a circular figure whose diameter is ten, there is a chord of eight.

Tell the arrow in that case, and (also tell) separately the chord from the
arrow, the diameter from the arrow and the chord, and the size of the bow.

165Gee Figure 1 in Section II. Statements in the figure: Circumference 31;29. Diameter 10. Field-
fruit (i.e., area) 78;42. Fruit on the sphere (i.e., surface) 314;50. Solid fruit inside the sphere (i.e.,
volume) 524 (sic).

166The “ear” in this context means the diameter as the hypotenuse of a right triangle inscribed in
a circle.

187The word paridher for “of the circumference” is placed at the beginning of the next verse.
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The diameter is 10, the arrow 2, the chord 8, and the bow 9;15.

(Here is Figure 2.)168

A versified rule for the fruit of a bow (i.e., the area of a segment of a circle):

70. Half of the sum of the bow (arc) and the chord, {(put down) twice,
is increased (in one place) and decreased (in the other) by the arrow.
The square root of their product multiplied by the square of the arrow,
multiplied by two and divided by three, is the fruit in the bow (i.e., the
area of a segment of a circle).

70°. Or, a gross {(area of a segment of a circle) is the arrow multiplied by
half the sum of the arrow and the chord, increased by one twentieth (of

itself).
An example:

71. (In a bow-like figure) where the arrow is measured by twenty-five, the
bow (arc) by a hundred and five, and the chord by seven=eight (87), O
friend, tell (me) the field-fruit (the area) (of the segment).

The bow-fruit is 1545.

(Here is Figure 3.)16°

Now, a versified rule for the fruit in a fish-field (i.e., the area of a fish-like plane
figure):

73ab. In a fish-field, there is a line through the tail and the mouth of the
fish. That shall be the chord. The sum of the areas of those (two halves
obtained) as in the case of a bow(-like figure is the fruit of the fish-like
figure).

An example:

72. (In a fish-like figure) where the line (through the tail and the mouth)
is measured by sixty-six, the bow (arc) at the belly of the fish by seventy-
three, and the arrow by twenty-five, how much is the fruit?

1685ee Figure 2 in Section II. Statements in the figure: Diameter 10. Chord 8. Bow 915 (uncor-

rected). Arrow 2.
1695ee Figure 3 in Section II. Statements in the figure: Arrow 25. Chord 87. Fruit in the bow-like
field 1545. Or, the gross (area) 1470.
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The area 1s 1156.

(Here is Figure 4.)!7

Now, a versified rule for the fruit in a moon-digit-field (i.e., the area of a crescent-
shaped plane figure):

78cd. In a moon-field, when one has regarded the lower bow (arc) as the
chord and obtained (its area) as in the case of a bow (i.e., a segment of a
circle), that will be an accurate (area of the crescent-shaped figure).

An example:

74. When the (upper) bow is measured by nine=twenty (209) and (the
lower one) by five=ten (105), and the arrow by zero=five (50) in a crescent-
shaped figure (lit. in digits of the moon), then tell me the fruit if you are

versed well in mathematics.!™!

The area is 4960.

(Here is Figure 5.)72

Now, a versified rule for a drum-field (i.e., a drum-shaped plane figure):

75. The sum of the (two) side arms (of a drum-shaped figure) is (regarded
as) the bow (i.e., the arc), half the face (the top line) as the arrow, and
twice the ear!™ as the chord. Then, the accurate fruit in the drum field
should be obtained as in the case of a bow (i.e., a segment of a circle).

An example:

76. In a drum(-shaped figure), its face is half of a hundred, the sum of
the side arms is measured by five=ten (105), and the ear is measured by
three=four (43) with a half. In that case, tell me, how much shall be the
fruit?

170Gee Figure 4 in Section II. Statements in the figure: Bow 73. Arrow 25. Line 66. Bow 73.
Field-fruit 1156.

172 0Or, “f your speed in calculation is extra(fast).”

172Gee Figure 5 in Section II. Statements in the figure: Bow 209. Arrow 50. Bow 105. Field-fruit
4960.

173The “ear” in this context means the depth (or height) of the drum.
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The fruit is 1545.

(Here is Figure 6.)17

I11.8 Rules for shadows

Now, a versified rule on the lamp-shadow operation:

77. From the gnomon multiplied by the distance between the lamp and the
gnomon and divided by the lamp decreased by the gnomon, the shadow
will be (obtained). Or else, the result (i.e., the quotient) from that (i.e.,
the gnomon multiplied by the distance between the lamp and the gnomon)
divided by the shadow is increased by the gnomon. It (the result) will be
the height of the lamp.

79ab. The lamp decreased by the gnomon, when multiplied by the shadow
and divided by the gnomon, becomes the ground between the lamp and
the gnomon.

An example:

78. The ground between the bases of the gnomon and the lamp is measured
by thirty-two. and the height of the lamp here by zero=six (60). Tell the
shadow of a gnomon of twelve digits (arigulas), and (conversely) the height
of the lamp from this and also' the distance (between the lamp and the
gnomon) here.

The ground between the lamp and the gnomon is 32, the height of the lamp 60, and
the shadow 8.

A versified rule:

79cd. The gnomon multiplied by the shadow of a bamboo and divided by
the shadow of the gnomon is the measure of the bamboo here.

An example:

80. If, on level ground, the shadow of a bamboo is equal to zero=sixteen
(160), and when the shadow of a gnomon measured by ten is equal to four,
then, calculator, tell, in front of me, how much shall be the measure of the
bamboo, if, O wise man, you are the best in mathematical operations.

174See Figure 6 in Section II. Statements in the figure: Face 50. Ear 43;30. Side arm 52;30. Arm
52:30. Area 1545.
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The measure of the bamboo is 400.

III.9 Rules for magic squares

Now, a versified rule on the operation for magic squares'” :

81. The digits in order beginning with the first should be written down (on
the first horizontal row). Having written down (the next digit in the cell
immediately) below the last cell of the row!’® and having filled in (the cells
on) its back side, (one should apply the same procedure to the succeeding
rows) again and again.

82. In this way, the sum of the digits (in each vertical line) will be the
same whether in odd (visama) or in even (sama)'”" (squares). Its first
(column) should be placed at the middle (vertical) line (column) (of a new
square), and thence, in order,

83. the (vertical) lines (columns) to the left should be accomplished with
the (succeeding columns of the original square) from which one (succesive)
cell (in each) has fallen away (that is, one top cell of the second column,
two top cells of the third column, etc. have been shifted to the bottom
of the same column). This rule has been said in the case of odd magic
squares.

178 (magic squares), one should write down the

84. In the case of even
digits in pairs (into cells) beginning with the first cell in one direction at
intervals of two of them (cells), and thence (proceed) in the other direction

to the left in the same manner.

Now, the setting-down of (the quasi-magic and magic squares with) three to nine
cells (on their sides).

(Here are Figures 7-20.)!7°

An example.

178 sarvatobhadra, lit. “good for all directions or purposes”.

176 panikti, which means a line or sequence in general. The same word is used also for vertical lines
s q g
by Giridhara. See Verses 82 and 83 below.
Y
""Here, “even” includes both “evenly-even” and “oddly-even”.
178Here, “even” means “evenly-even” only.

179Gee Figures 7-20 in Section II.
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85. The revered king (saha) Sridani,'®® whose feet are illuminated by jew-
els on the heads of the best kings (who bow down to him), gave away
eighty-one towns to nine devotees, (in other words), a property of an equal
(number of) towns (to each) with an increase of (successive) differences
of one (in their values). Tell me, man of stainless intelligence, the prop-
erty of each, if you are well versed in the seed (mathematics) (i.e., alge-
bra) or in the rule of exchange (Verses 81-83) or else from (their) mutual
(interaction).

A versified rule.

86. The quantity (i.e,, the constant sum), divided by the fruit (i.e., the
sum) of the (natural) series (up to the square of the length of the line minus
one) divided by the (length of the) line, is the increase (i.e., the common
difference) :of the arithmetical progression to be used in a magic square).
The remainder {of the division), divided by the (length of the) line, is the
mouth (i.e.. the first term). Then, the filling (of the cells of a square with
the terms of this arithmetical progression is done) as before.

The setting-down for the sum equal to three hundred in a diagram with three
TOWS:

(Here is Figure 21.)'8!

Or for the sum. fiftv-one:

(Here is Figure 22.)'%2

The setting-down for the sum. three hundred, in a diagram with four rows:

(Here is Figure 23.)183

And for the sum. fifty:

(Here is Figure 24.)!%*

180gee Verse 21 for the same word.
181Gee Figure 21 in Section II.
1825ee Figure 22 in Section II.
1835ee Figure 23 in Section II.

184g0¢ Figure 24 in Section II.
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II1.10 Concluding remarks

87. The (mathematics of ) unknown (quantities) has been told (here) in-
deed without the use of unknown (symbols); the height of a bamboo, etc.,
without instrumental means. This something which is not to be appre-
hended with (even) one difficulty has been told by me without a lot of
difficulty for the pleasure of those who know this (subject).

88. What has been told by me in summary (in this work) should be revised
without hostility by the wise men who have investigated (it) carefully. This
is my request to them.

89. Let this work of Giridhara, which consists of a limited number of
letters, which is deep in its meaning, and which gives pleasure to the hearts
of wise people, shine as long as the Lord of the day (i.e., the Sun) (shines).

Thus ends the Caturacintamani composed by Giridharabhatta, the son of Sr1
Birabhatta (= Virabhatta). Let there be prosperity.
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IV Mathematical Commentary

Giridharabhatta, it should be noted, never uses algebraic expressions in this work
even when he treats algebraic problems, although Indian mathematicians had devel-
oped and skillfully employed algebraic symbolism in algebra (bija-ganita or avyakta-
ganita) since, at least, the seventh century A.D. This is one of the main features of
this work as he himself emphasizes in one of the concluding verses (Verse 87). In
this Commentary, however, I shall use modern algebraic notation in order to make
it easier for the reader to understand the problems treated and the solutions given.
Also, multiplication of a by b is indicated by a - b or a x b or ab, and division of a by

a

bbya/bora-=bor 3.
IV.1 Imtroduction (v. 1)

Verse 1. Introductory salutation.

IV.2 Weights and measures (v. 2)

Verse 2. Weights and measures.

Giridhara simply says that one should perform calculations after having made
either composition (kalpana) or contraction (apavartanaka) of ratios circulated in a
specific area (desa) at a specific time (kala).

IV.3 Eight elementary operations (v. 3)

Verse 3. Eight elementary operations for integers and fractions.

Giridhara does not give any specific rules but simply says that the rules for these
calculations should be known -from the traditional instruction of good teachers”
(sadgurusampradayat).

IV.4 Miscellaneous operations (vv. 4-36)

Verse 4ab. Rule of inversion.
Type of problem. To know the original quantity when the result of an operation
(or of a series of operations) performed on the original quantity is known.
Solution.

r+a=b—ozxz=b—-a, z—-a=b—oz=>b+a,

rxa=b—ozrz=b+a, z+ta=b—z=>bxa.

Note. Rules for the remaining operations may have been contained in the second
line of the same verse, which is lost.
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Verses 4cd-15 and 17ab. Missing.
Verse 16. Example. Answer: 1024. Not understood.

Verse 17cd. Rule for divisibility (an indeterminate problem).

Type of problem. A total sum of money, z, is divided equally among a,
brahmanas without residue on one occasion, and the same amount is again divided
equally among az brahmanas, ag brahmanas, etc. on the succeeding occasions. What

is that amount?

T = a1q1 = a292 = -+ = QnfQn-

Solution.

I = a1ag---ap.

Verse 18. Example. Given: a; = 9, ag = 13, a3 = 14, and a4 = 25. Solution:
=9 x 13 x 14 x 25 = 40950.

Verse 19. Rule for the property of a traveling merchant.

Type of problem. A man visits n towns. At each town, he spends a certain
amount of money (a), multiplies the remainder by m, and again spends the same
amount of mnoney (a). What remains in his hand at the end of his journey is m’

times his original property (z). What is the original property?

Ty = &,
ri=(ri1—a)xm—a (i=12,...,n),
!
Tn=mz.
. . . . a )
Solution. The quantity, a, is written above 1: nE This arrangement seems

to have been motivated by the division to be made at the last step of this solution.
The upper quantity is called ‘the given’ (datta) since that amount of money is ‘given
away’ (i.e., spent) twice in each town, while the lower is called ‘the optional’ (ista),
presumably because it has originally been chosen as a tentative solution for z (see
Note below). To this pair of quantities, the following operation is applied:

B IR ]

where by =axm+a, by = (by +a) xm+a, -+, by = (by_1 +a) X m+a. Then the
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lower number is decreased by ‘the multiplier’ (guna), m’, and the upper number is
divided by the lower; the result is the solution:

bn

r=————.
mn_ml

Note. The word ista (“optional”) suggests that the above solution is based on the
so-called ista-karman or “computation by an optional number” (cf. Verse 30 below).
Tentatively let ¢ be the solution of x. Then, on the one hand, we have, 1 = gm —b;,
Ty = gm?® — by, -+, T, = gqm™ — b, where b, is independent of the ¢; and on the
other, r, = gm’. Hence gm™ — b, = gm’, or gm™ — gm' = b,,, if the ¢ happens to
be the true solution of z. If it is not, the ratio of the true solution of = to the g is
equal to that of b, to gm™ — gm/, that is,

Taking ¢ = 1. we have the above solution.

In his Ganitamanjari (148-150, Ms: Eggeling 2771, fol. 26), Ganesa (ca. 1575)
treats the same problem and prescribes a similar solution. He calls the m ‘the
multiplier’. the m™ ‘the first multiplier’, and the m’ ‘another multiplier’.

sthapayen nagarajam gunakaram sthanakesu nagarapramitesu /

taddhatih prathamasamjriagunah syad yadgunam dhanam asau guncke 'nyah // 148 //
alapavad budhaih kdryam dattavittasya melane /

adyanyagunavislesavihrtam praktanam dhanam // 149 //

One should place the multiplier caused by the towns in as many places as the towns.
Their product shall be the multiplier called the first. That by which the {original) prop-
erty is multiplied is another multiplier. (Computation) should be performed by the wise
according to the statement {in the problem), while addition, {instead of subtraction),
of the money given away ‘is being made). (The result) divided by the difference of the

first and another multipliers is the original property.

A similar problem occurs in the Bakhshali Manuscript (Example 1 for Sttra C1),
where it is solved by means of the rule of inversion (cf. Verse 4ab above), and in
Bhaskara II's Bijaganita (101). where it is solved by means of a linear equation with
the algebraic expression. ya (<yavattavat), for the unknown number (see Hayashi
1995a, 415).

Verse 20. Example. Property of a traveling merchant. Given: n = 3, a = 10,
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m = m’ = 2. That is to say,

[{(z—10) x 2—10-10} x 2 — 10 —10] x 2 — 10 = 2z.

1st town 2nd town 3rd town
Solution: z = 35. Note: The working process, which is not given in the ms.,

. Therefore, z =

must have been as follows. [10] - 30 20 — 210

_)
1 2 4
210/(8 —2) = 35. In Ganesa’s example (Ganitamanjart 150), n = 4, a = 10, m = 2,
m' =7, and the answer, z = 50.

Verse 22ab. Rule for a linear equation of properties.

Type of problem. One equation with one unknown number. Each of two persons
has money and one kind of article, whose unit price is unknown, and their properties
are equal to each other.

az+b=cr+d (=y).
Solution.
z=(d—b)+(a—c).

Note. Verses 22, 24, 26, and 28 treat equations of properties, some of which are
indeterminate. Giridhara seems to have had the following scheme in mind.

Verses | Persons Articles Equations Unknowns
22ab | m =2 n=1 m—1=1 n=1
22¢d [ m=2 n>18)|m-1=1 n>1(3)
24 m>2(4) n=1 m—1>1(3) n=1
26 m>23) n>1(2) | m—-1>1(2) n>1(2)
28 m=2 n=2 m—1=1 n =2

Here, the equations are classified according to the number of persons (m) or of
equations (m — 1) and to that of articles (n) or of unknown numbers (n) involved.
The numbers in parentheses are their values in the example accompanying each rule.

Verse 21. Example. Two persons with money and horses. Given: 6x + 100 = 8z +

h 6 rz 100 h 0 ra 92

h 8 ra 8 h 2 ra O
Therefore, the price of a horse = 92/2 = 46 rdpas, and the equal property = 6 x

46 + 100 = 376 rapas.

8 (= y). Solution: z = 46, y = 376. Note: The working process must have been
as follows (h = horses, ra = rupas). T

Verse 22cd. Rule for a linear equation of properties (indeterminate).
Type of problem. One equation with more than one unknown number. Each of
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two persons has money and more than one kind of article, whose unit prices are
unknown, and their properties are equal to each other. That is to say, for n > 1,

1T +asTo + -+ apnZy +b=c1w1 + oo+ -+ eprn +d (= y).

Solution. Let z; = e; for ¢ > 1. Then, the equation is reduced to the first type
(Verse 22ab).

a1z1 + (ages + -+ - + anen +b) = c1z1 + (c2e2 + - -+ + cpen + d) (= y).

Note. Under the next verse, Giridhara gives the condition for e; in order to make
x1 positive. That is, e; should be determined in such a way that (azez+ - -+ane,+b)
is smaller or greater than (cgez + - - - + cpen + d) according to whether a; is greater
or smaller than ¢,

Verse 23. Example. Two persons with money, jewels, elephants and horses. Given:
z1+2z9+ 623+ 100 = 2z; + 322+ 8z3+8 (= y). Solution: Let z2 = 20 and z3 = 10,
then the equation is reduced to: z; + 200 = 2z, + 148. Therefore, 7 = 52 and y =
252. Note: The working process must have been as follows (j = jewels, e = elephants,
j 1 e 2 h 6 ra 100
j 2 e 3 h 8 ru 8
Let the price of an elephant = 20 rdpas and that of a horse = 10 rapas (v. 22cd).
Then, J 1 i 200 | v.224p _] 0 rd 52
j 2 ra 148 1 rm O
= 52 rupas and the equal property = 52 + 200 = 252 ripas.

h = horses, rd = rapas). The “setting-down” is:

. Therefore, the price of a jewel

Verse 2. Rule for a system of linear equations of properties.

Type of problem. More than one equation with one unknown number. Each of
more than two persons has money and one and the same kind of article, whose unit
price is unknown, and their properties are equal to each other. That is to say, for
m > 2,

aiz+ b (=y),

aszr + by (= y).

AmT + by (= y).
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Solution. Combine the “persons” two by two. That is to say, if m is even,

(a1 +ag)z + (b1 + b2) (= 2y),

(ag + aq)z + (b3 + bs) (= 2y),

(am—l + am)m + (bm-l + bm) <: 2y>'

If m is odd, on the other hand, Giridhara perhaps added one of the m “sides” twice
(cf. Note for Verse 27 below), although this case is not mentioned in the rule. By
repeating the same procedure, one finally arrives at two “sides”,

ar + b= (ky =) cz +d,

to which the rule of Verse 22ab is applied.

Verse 25. Example. Four persons with money and horses. Given: 2r + 132 =
4z + 84 = 52 4+ 60 = 7z + 12 (= y). Solution: z = 24 and y = 180. Note: The
working process must have been like this (h = horses, ra = rupas).

h 2 ra 132

h 4 ra 84 |yy[h 6 ra 216]v__22_a)b[h0ra 144]'
h 5 ra 60 h 12 ra 72 h 6 ru 0
h 7 ra 12

Therefore, the price of a horse = 144/6 = 24 rapas and the equal property =
24 x 2+ 132 = 180 rupas.

Verse 26. Rule for a system of linear equations of properties (indeterminate).

Type of problem. More than one equation with more than one unknown number.
Each of more than two persons has money and more than one kind of article, whose
unit prices are unknown, and their properties are equal to each other. That is to
say, for m > 2 and n > 1,

apz1 +apte + - + apzy, + b (=y),

a2121 + gy + -+ + apy + b2 (=),
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am1T1 + amaa + - + GpnTn + by <: y>

Solution. Let xz; = ¢; for i > 1, then the problem is reduced to the previous case
(Verse 24).

Note. Giridhara’s rule itself is designed for the case, n = 2, but he seems to have
had the general case in mind.

Verse 27. Example. Three persons with money, elephants, and horses. Given:
2z1 + Tzo + 280 = 4z1 + 10z3 + 50 = 521 + 229 + 30 (= y). Solution: Let z; = 100,
then ro = 10. Let x5 = 10, then z; = 100. In either case, y = 550. Note: It is not
mentioned that z; and z; can not be otherwise assumed. The working process must
have been like this (e = elephants, h = horses, ri = ripas). The “setting-down” is:

e 2 h 7 ra 280
e 4 h 10 ra 50
e 5 h 2 ra 30

Let the price of an elephant = 100 rupas (v. 26). Then,

h T ru 480
_ _ voe | ' h 17T ra 930 | v22ab | h 5 ru 0

h 10 rau 430 | = _ —> _ .
.. h 12 ra 980 h 0 ra 50

h 2 ra 530

Therefore, the price of a horse = 50/5 = 10 rupas and the equal property = 10 x
7 + 480 = 530 rupas.

Verse 28. Rule for a linear equation of properties (indeterminate).

Type of problem. One equation with two unknown numbers. Each of two persons
has money and one kind of article. whose unit price is unknown, and their properties
are equal to each other.

ary —b=-cr2 -d (= y).

Solution. Let z; = k, then zo = {(ak +b) —d} +c. If b=d =0, then z; = c and

Io = Q.

Verse 29. Examples. Two persons with money and horses. 1st example — Given:
6z1 + 8 = 8x9 + 100 (= y). Solution: Let z; = 50, then z3 = 26 and y = 308. 2nd
example — Given: 9z; = 20zy (= y). Solution: z; = 20, zo = 9, y = 180. Note:
The working process for the first example must have been as follow (h; = horses
of the 1st person, hy = horses of the 2nd person, although this distinction was not
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h1 6 ria 8

hy 8 ra 100
hy 0 ra 308

hy 8 ra 100 ]

made in Giridhara’s notation). The “setting-down” is: [ . Let

the price of a horse of the 1st person be 50 rapas. Then, [

hy 0 ra 208
hy 8 riu 0
6 rapas and the equal property 308 rapas.

. Therefore, the price of a horse of the 2nd person is 208/8 =

Verse 30. Rule for a system of linear equations.

Type of problem. The unit prices, z;, of n kinds of commodities are unknown, but
their sum, p, is known. When a; of the i-th commodity (i = 1,2,...,n) are bought
(or sold) for the same amount of money (y) for every ¢, what is that amount?

1+ e+ + Ty =p, A1T1 =QA2T2 =" = ApTy =Y.

Solution. Let g be any optional number, and calculate:

R TN B
ai a2 an
Then,
y=p+p xgq.

Note. This is the “computation by an optional number” (ista-karman), though
this term does not occur in the extant portion of the present work. Each price, z;,
can be obtained by z; = y/a;. This is not mentioned in Verse 30, but the solution
for z; is given in the example in Verse 31. For a similar use of the istakarman, see
Hayashi 1995a, 396-399. Cf. also Verse 19 above.

Verse 31. Example. Prices of horses, elephants and camels. Given: x; + 22 + 3 =
300, 1221 = 2z2 = 423 = y. Answer: y = 360, z; = 30, z» = 180, z3 = 90.

Verses 32-33, and 35ab. Rule of three and its variations.

Rule of three:

Type of problem. When b is obtained from a, what (z) is obtained from ¢ (if b
increases in proportion to a when a increases) ?

a:b=c:zx.

Solution. £ = b x ¢ + a.

Note. The three given quantities, a, b, and ¢, are called in order the “standard”
(pramana), the “result of standard” (pramana-phala) or simply the “result”, and the
“requirement” (icch@). The three quantities are usually arranged horizontally as:
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alb|c But in the present manuscript they are arranged vertically as: | a
b

c
The vertical arrangement of the three terms for the rule of three is very rare but

does occur twice under Sutra N19 in the Bakhshali Manuscript. See Hayashi 1995a,
413.

Inverse rule of three:

Type of problem. When b is obtained from a, what () is obtained from ¢ (if b
decreases in inverse proportion to a when a increases) 7

ab=c:z.

Solution. z =b x a +c.

Note. The three given quantities seem to have been arranged vertically as in the
case of the rule of three, although no example for this case occurs in the present
manuscript.

Rule of five:

Type of problem. When b is obtained from a in time period d, what (z) is
obtained from ¢ in time period e ?

Solution. The five terms are arranged in two vertical columnsas: | d e |, where

a ¢

b

the left column is called the “standard-side” (pramdna-paksa) and the right column
the “requirement-side” (iccha-paksa). Then the “result” (b) is moved to the opposite
side, and then the product of the elements of the longer (right) side is divided by
that of the shorter (left) side. That is, z = (b x ¢ x €) + (a x d).

Rule of seven:

Type of problem. When b is obtained by (or from) f persons from a in time
period d, what (z) is obtained by (or from) g persons from ¢ in time period e ?

Solution. Just as in the case of the rule of five, the seven terms are arranged

in two vertical columns as: f g |, and the same procedure is followed. z =
d e
a ¢
b

(bxcxexg)+(axdxf).

Verse 34. Examples. Rules of three, five, and seven. 1st example (rule of three) —
Given: a =5, b =6, c = 8. Answer: £ = 48/5. 2nd example (rule of five) — Given:
a=>5b=6,c=8,d=1month, e = 10 months. Answer: z = 96. 3rd example
(rule of seven) — Given: a =5, b =6, ¢ = 8, d = 1 month, e = 10 months, f = 3
persons, g = 5 persons. Answer: z = 161.



186 Takao Hayashi SCIAMVS 1

Verse 35¢d. Rule for barter.
Type of problem. A certain quantity, a, of commodity I cost b, and quantity ¢ of
commodity II cost d. What amount, z, of commodity II is bartered for the amount,

e, of commodity 1 7

Solution. The five given terms are arranged in two vertical columns: ,

a ¢
b d
e
where each column represents each commodity. To this is applied the procedure
prescribed for the rules of five, etc., with an additional step. The additional step,
which only is mentioned in Verse 35cd, is the exchange of the prices (b and d), that
is, they are moved to the mutually opposite sides before the computation. Thus,
a ¢ |,andz=(bxcxe)+(axd).
d b
e
Verse 36. Example. Barter of bilva fruits and betel-nuts. Given: a = 6, b = 7
rupakas, ¢ = 60, d = 3 rupakas, e = 3. Answer: z = 70.

IV.5 Practical mathematics of mixture (vv. 37—40)

Verse 38ab. Rule for proportional ditribution.
Type of problem. Each of n persons invests a; for a joint enterprise, which
produces p. They divide the p in proportion to the amount of each investment.

What (z;) is for each person ?
Solution.

n
T; = (p>< ai)+Za]~.
i=1

Verse 37. Example. Three money-lenders. Given: a1 =5, a2 =7,a3 =9, p = 70.
Answer: 7, = 16%, To = 23%, z3 = 30.
Verse 38cd. Rule for equation of properties after the mutual exchange of part of

them.
Type of problem. The i-th of n persons possesses a; of one kind of article,

whose unit price, x;, is unknown. When they give k out of a; to each other among
themselves, their properties become equal to each other. What is the unit price of

each kind of article ?
{fa; —(n—Dk}x; + k(z1+ -+ zim1 +xp1+ - +2n) =y for every .

Solution.

z; = p + (a; — nk),
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where p is any optional number.
Note. A rationale of this solution may be given as follows. The above equation
can be rewritten as:

n n
(ai—nk)zi+k2mj =y, oOr (ai—nk)wi=y—k2xj.
j=1 j=1

The right-hand side of the last equation is independent of 7. Let it be any optional
number (p):

Then the above solution is obtained. If p is a multiple of all (a; — nk), every z; is
an integer.

Verse 89. Example. Five persons with rubies, sapphires, chariots, horses, and
elephants. Given: n =5, k=1, ay =10, ag =8, a3 = 12, a4 = 15, a5 = 7. Answer:
21 =42, x9 = 70, x3 = 30, x4 = 21, x5 = 105, y = 478. Note: Here, p is taken to
be the least common multiple, 210, of (a; — nk). The value of y seems to have been
calculated by y = p + k 37_; z;.

Verse 39°¢. Rule for equation of the sums of the principal and interest.

Type of problem. Two principals, say a1 and as, are lent separately at different
rates, say r1 and rp per month respectively. In how many (z) months does the sum
of the principal and interest of the first case become equal to that of the second 7

a] +rix = ag + rax.

Solution.
r = (a1 — ag) - (7'2 — 7‘1).
Verse 40. Example. Given: a; = 300, r1 = 2 per month, a; = 200, ro» = 6 per
month. Answer: £ = 25 months.

IV.6 Practical mathematics of series (vv. 41-51)

Verses 41-43. Rules for natural series, etc.
Type of problem. To calculate the sums of a natural series, of a square series, of
a cubic series, and of a geometric progression.

Sn)y=1+24---+n, S%(n)=12+22+...+n?
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30 931322574615478515625 (= 53°)
I s 7

15 30517578125
I m 1

14 6103515625
s 7

7 78125

I m 7

6 15625

I s 1

3 125

} m T

2 25

L s/m 1

1 5

Il m 7

0 1

Figure 25: Computation of 5*° (s = square, m = multiplication).
S3(n) = B¥+22+...4n% G=Gla,rn)=a+ar+ar’+ - +ar" L.
Solution.

S(n) = g S(n+1), S%*n)=Sm) (2n+1)=3,

$3(n) = {Sm))2, G="—"1.q,

r—1

where 7" is calculated by means of the popular algorithm (see Fig. 25), which is
based on the two identities:

Verse 44. Examples. Given: n = 30 for all series, and a = 2 and r = 5 for a
geometric progression. Answer: S(30) = 465, S?(30) = 9455, S3(30) = 216225,
G(2,5,30) = 465661287307739257812. Note: The last answer (in 21 decimal places)
is missing in the manuscript. The computation of 53° must have been made as shown
in Fig. 25.

Verses 45—46 and 48ab. Rules for an arithmetical progression.
Type of problem. To calculate, in order, the sum, the first term, the common
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difference, and the number of terms of an arithmetical progression, from the rest.
A = A(a,d,n) :a+(a+d)+(a+2d)+---+{a+(n-1)d}.

Solution.

A={a+(n—1)-n}-n, GZ%—(T‘—I)‘%

2

Afn—a V(d/2 - a) +2dA - a +d/2
d= ———, n= .
(n—1)/2 d
Verse 47. Example. Journey of a person. Given: a = 10 yojanas, d = 4 yojanas/day,
n = 1 month (= 30 days). Answer: A(10,4,30) = 2040 yojanas. Note: Verse 47
requires also to calculate the first term, the common difference, and the number of
terms in order from the rest, but the answer given in the manuscript is the A only.

Verse /8cd. Rule for equation of journeys of two travelers.

Type of problem. One person goes at the constant speed, v;. When the time
period, ¢, has elapsed from his departure, another person starts traveling at the
constant speed, vo (> v1). How long (z) does it take for the second person to catch
up with the first ?

1t + 11T = vor.
Solution.
z = vt + (v — v1).
Verse 49. Example. Given: v; = 3 yojanas/day, va = 9 yojanas/day, t = 3 months.
Solution: ¢t = 3 x 30 = 90 days, and z = (3 x 90) = (9 — 3) = 45 days.

Verse 50ab. Rule for equation of journeys of two travelers.

Type of problem. Two persons start at the same time and go on the same route.
One of them travels at a constant speed, v, and the other goes a on the first day
and increases his speed by d every day. When do they meet ?

T T

Z vi(n) = Z va(n), where v1(n) = v (constant), and va(n) =a + (n — 1)d.
n=1 n=1
Solution.

z=(2v—2a+d)+d
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Verse 51ab. Example. Given: v = 100 per day, d = 5; a not given. The linear
measure is probably yojana. Answer: Not given. Note: The a intended by the
author may have been unity as in the case of the example for the next rule (Verse
51cd). In that case, z = 402 days.

Verse 50cd. Rule for equation of journeys of two travelers.
Type of problem. The initial speed (a) of the second person and the daily increase
(d) of it in the previous rule (Verse 50ab) are both taken to be unity here.
Solution.

r=2v-—1.

Verse 51cd. Example. Given: v = 100. The linear measure is probably yojana.

Answer: x = 199 days.
IV.7 Practical mathematics of plane figures (vv. 52-76)

Verse 52. Rules for the sides of a right-angled triangle.
Type of problem. To calculate one of the three sides of a right triangle from the

remaining two sides.
Solution. Let a, b and c be respectively the “arm” (bhuja/dos/etc.), the “upright”
(koti) and the “ear” (karpa/sruti/etc.) of a right triangle. Then,

c=Va2+b, b=+vc*—a2? a=+c-0b2

Verse 53. Example. A right triangle with three sides (12, 16, 20). Given: a = 12,
= 16. Answer: Not given. Note: Verse 53 requires to obtain also b, and then a,

from the remnaining two, but no answer is given.

Verses 54—57. Rules for the sides of a right-angled triangle and for its area.

Type of problem. To calculate two sides of a right triangle, when either the sum
or the difference of the two sides and the remaining side are known, and to calculate
the area, A, of the triangle.

Solution. When either (¢ + a) or (¢ — a) and b are given,
cFa="b/(cta).

When either (¢ + b) or (¢ — b) and a are given,

cFb=a%/(ctb).
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When either (a + b) or (a — b) and c are given,

laFb|=1/2¢2 — (a+b)2

In each case, the two unknown numbers are obtained by means of the “rule of
concurrence”, that is,

_(E+y)+(z—y) (e+y)—(z-y)

2 ' 2

b
A=2,
2

Note. The “rule of concurrence” (sankrama-sutra) is explicitly mentioned in
Verse 57, but is not found in the extant portion of the manuscript. It may have
been on folios 2-3, which are lost. For the Indian rules for algebraic normal forms

including the rule of concurrence, see Hayashi and Kusuba 1998.

Verse §8ab. Rule for the areas of regular polygons.

Type of problem. It is required to calculate approximate areas of an equi-lateral
triangle, etc. from their sides.

Solution. Only a formula for an equilateral triangle is extant, the rest being on
the lost folio(s). Let a be the side of it, then the area is,

A 433a2‘
1000

Note. This approximate formula is based on the exact one, A = (v/3a?)/4, and on
the approximation, v/3/4 ~ (1732/1000)/4 = 433/1000. The formulas of Mahavira
and of Bhattotpala are different from this. See Gupta 1990, 1992, and 1994.

Verses 58cd-64. Missing.

Verse 64. Examples of a circle and of a sphere. Note: The verse itself is missing
but, judging from the extant portion of the answer, it seems to have dealt with an
example of a circle and a sphere with the diameter, d = 10. The following values
survive:

c=31;29, A=178;42, S, =314;50,

where ¢ and A are respectively the circumference and the area of the circle and
Ss the exact (suksma/sphuta) surface area of the sphere. The fractional parts of
these numerical values are given in the sexagesimal notation (31/29, etc. in the
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manuscript). The ratio used here of the circumference to the diameter is:

¢ 31,29  3;8,54 1880  3.14833...

d 10 1 600 1 ’

whose origin is not known. The formulas used for the area of a circle and for the
surface of a sphere seem to be respectively,

d
A= '3 (or Az%d) and S;=cd (or S, =44),

N o

according to which we have A = 78;42,30 and S; = 314; 50. These rules must have
been prescribed in the lost verses.

Verse 65. Rules for a sphere.

Type of problem. To calculate the surface (S) and the volume (V') of a sphere,
whose diameter is d.

Solution.

_ap, 38 — 4=
Sy = 3d* + 50 (roughly), V = Sd+6,

where S may be either S; or S,.

Note. It seems that this formula for S,, which is meant for rough or practical
(sthilla/vyavaharika) calculation, is based on the correct formula, S = wd?, with the
rough value, 3, for 7, and that the last term, 3d?/20, was added as a correction since 3
was too small for 7. This formula implicitly corresponds to 7 = 63/20 = 3.15 = 3;9.
This last expression in the sexagesimal notation suggests another possibility, namely,
that it is an approximation to 7 = 3; 8, 54 employed in Verse 64 above. See also Verse
70% below. Verse 65 is followed by a prose sentence, which states: S, = (315),5; =
314;50,V, = 524;47, and by a figure, in which d = 10 and all the results obtained
from it are shown, although the value of S, is missing in the manuscript. The digits
for V, seem to be corrupt since we would have: V; = S,d + 6 = 524,43, 20.

Verses 66—68. Rules for a segment of a circle.

Type of problem. To calculate, in order, the “arrow” or height (h), chord (a) and
“bow” or arc (b) in a “bow-like figure” (capa-ksetra) or a segment of a circle, whose
diameter and circumference are respectively d and ¢, from the rest.

Solution.

h=22 V(dza)(d_“), a=2h(d—h), d=h+ <%>2+h,

pe & c®  (a/4) x5 xc?
B 4 a+4d
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Note. For the last formula, see Gupta 1967 and Hayashi 1991.

Verse 69. Example. The verse itself requires to calculate h fromd = 10 and a = §8; a
from d and h; d from a and h; and b from them. But the manuscript simply lists the
four values once each: d =10, h =2, a = 8, b = 9;15. Note: Actually b =~ 9;18, 25,
since ¢ = 31;29 for d = 10 (see under Verse 64).

Verse 70. Rule for a segment of a circle.

Type of problem. To calculate the area (B) of a bow-like figure or a segment of
a circle.

Solution. An accurate area is:

b
Bsz\/(a;r +h> (a;“b—h> W B2 x 2= 3.

Note. This is treated as an accurate formula by Giridhara, but actually it is
even worse than his “gross” area, B,, which is given in the next verse. It is not

known how this formula, B,, was obtained, but it seems to be an approximation by
a rectangle whose orthogonal sides are e and %h, where e is a side of a right-angled
triangle whose hypotenuse and remaining side are respectively “TH’ and h:

2 b\?
Bs=ex§h, where 62-f-h2:<a+ ) .

2

Verse 70*. Rule for a segment of a circle.
Type of problem. To calculate the area (B) of a bow-like figure.
Solution. A gross (sthula) area is:
a+h a+h 1

Note. This formula has been attributed to Kesava of Nandigrama by his son
Ganesa in his commentary, Buddhivilasini, on the Lilavat:, and the verse for B,
cited by Ganesa has been repeated verbatim in the Ganitaparicavims? ascribed to
Sridhara. See Hayashi 1995b, 242-244. This formula, too, implicitly corresponds to
m=63/20 = 3.15 = 3;9. Cf. Verse 65 above.

Verse 71. Example. Given: h = 25, ¢ = 87, b = 105. Solution: B; = 1545,
B, = 1470. Note: Actually, B, = 1544;47,38,... =~ 1545. The given values of a
and b seem to have been obtained from d = 100 and h = 25. In fact, we have
a = 86;36,... and b = 105; 10,. .., since ¢ = 314,50 for d = 100. See under Verse 72
for the same circle.

Verse 73ab. Rule for the area of a fish-like figure (matsya-ksetra).
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Type of problem. To calculate the area (C) of a “fish-like figure”, which is a
plane figure made of two equal “bow-like figures” or segments of a circle.
Solution.

C =2B.

In the calculation of B, the central line from the tail to the mouth of the fish is
taken to be the chord (a) common to both segments.

Verse 72. Example. Given: the central line = 66 (= a), the “bow at the belly”
= 73 (= b), the “arrow” = 25 (which is the greatest height of the fish, = 2h).
Solution: C = 1156 (sic). Note: This answer must be corrupted. Actually, we have:
2B, = 1139; 26,39, ..., and 2B, = 1030;18,45. The given values of a and b seem to
have been obtained from d = 100 and h = 12;30. In fact, we have a = 66;8,... and
b=172;22,..., since ¢ = 314; 50 for d = 100. See under Verse 71 for the same circle.

Verse 73cd. Rule for the area of a moon-digit-like figure ( caﬁdm—kald—kgsetm).

[4

Type of problem. To calculate the area (D) of a “moon-digit-like” or crescent-
shaped figure, which is a plane figure delimited by two “bows” or arcs of two different
circles.

Solution. The area in question is regarded as approximately equal to that of a
“bow-like figure”, whose chord and arc are respectively the lower (shorter) “bow”

and the upper (longer) “bow”, that is,

D =B.

Verse 74. Example. Given: b; = 209, by = 105, h = 50. Solution: D = 4960. Note:
If we assume a = by = 105 and b = b; = 209 in the formulas given in Verses 70 and
70%, we have B, = 4960; 50,48, ... and B, = 4068; 45.

Verse 75. Rule for the area of a drum-shaped figure (dundubhi-ksetra).

Type of problem. To calculate the area (F) of a “drum-shaped figure”, which is
a plane figure like a half ellipse obtained by cutting an ellipse along its shorter axis.

Solution. The area in question is regarded as approximately equal to that of a
“bow-like figure”, which is formed when one cuts it into two equal parts along the
longer axis and then combines them along the shorter axis. That is to say, when
one takes twice the “side” to be the “bow” (b), half the “mouth” (mukha) or the
top, horizontal line to be the “arrow” (h), and twice the “ear” (sruti/karna) or the
depth to be the “chord” (a), then

E = B;.



SCIAMVS 1 The Caturacintamant of Giridharabhatta 195

Verse 76. Example. Given: “mouth” (2h) = 50, “side” (b/2) = 52;30, “ear” (a/2)
= 43;30. Solution: E = B, = 1545. Note: The “bow-like figure” calculated here is
exactly the same as the one in Verse 71.

IV.8 Rules for shadows (vv. 77—-80)

Verses 77 and 79ab. Rules for the shadow of a gnomon illuminated by a lamp.
Type of problem. There is a lamp on a post (height d) standing on a flat ground,

and a gnomon (height s) at a certain distance (b) from the post. A shadow (c) of

the gnomon is made by the lamp. One of the quantities is to be calculated when

the rest are given.

(d—s):b=s:c

Solution.

bs ’ d:b—s—i—s, bzc(d—s)'
c s

Verse 78. Example. Given: b = 32, d = 60, s = 12 anigulas. Solution: ¢ = 8 angulas.

Verse 79¢cd. Rule for the height of a bamboo stalk.
Type of problem. To calculate the height (v) of a bamboo stalk when its own
shadow (length b) together with a gnomon (height s) and its shadow (length ¢) is

given.

c:s=b:w.
Solution.
bs
v = —.
c

Verse 80. Example. Given: b = 160, s = 10, ¢ = 4. Solution: v = 400.
IV.9 Rules for magic squares (vv. 81-86)

Verses 81-84. Rules for magic squares.

Type of problem. To make magic squares, that is, to arrange the natural numbers,
1 to n2, in a square in such a way that the sums of the numbers in each column, in
each row, and in each diagonal, are equal to each other. The constant sum (s) can
be expressed as n(n? + 1)/2.

Solution (with notes). Giridhara gives one rule each (1) for quasi-magic squares
made of the numbers, 1 to n?, where the sum of the numbers in every column is
equal to the constant sum; (2) for magic squares of odd order (n = 2k + 1); and
(3) for magic squares of even (that is, evenly-even) orders (n = 4k). (4) For magic
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1 2 j v n—=2 n-1 n
n+2 n+3 n+j+1 cee 2 —1 2n n+1
2n + 3 2n +4 2n+j5+2 3n 2n+1 2n+2
ai!j
n? m—n+1 -+ (n—=Un+j—-1 -+ n2-3 n2-2 n2-1

Figure 26: Construction of the quasi-magic square of order n.

squares of oddly-even orders (n = 4k + 2), he only gives an example.

(1) Rule for quasi-magic squares (Verses 81-82cd). Starting from the top-left
corner, proceed to the right, filling each cell of the rows with the numbers, 1, 2, 3,
...; when a row is completed, step down to the cell immediately below the cell just
filled; when the last (n-th) cell of a row is filled and if the row is not yet completed,
return to the first cell of the same row (Fig. 26). In a square arranged in this way,
the sum of the numbers in each column is equal to the constant sum, although it is
not yet a magic square. Let a;; be the j-th element in the i-th row of the square.
Then,

ai;j=fE,5)=(G—-Dn+i+j—1 for i+j<n+]l,

aij=9(,5) =@ -2)n+i+j—1 for i+j>n+2

Therefore,

n n—j+1 n 9
Yoai= Y [N+ Y 965)= nlw +1) 2+ b
i=1 i=1 i=n—j42

This rule holds true for a square of any order as has been stated by Giridhara
(Verse 82), and the manuscript actually gives quasi-magic squares of orders 3 to 9
(Figs. 7-13 in Section II).

(2) Rule for magic squares of odd orders (n = 2k + 1) (Verses 82cd—83). Put
the numbers of the first column of the quasi-magic square in the cells of the central,
(k + 1)-th, column of a new square. Fill the j-th column to the left of the central
column (inclusive) with the numbers of the j-th column of the quasi-magic square
after having shifted the numbers of the upper (j — 1) cells to the bottom of the
column (Fig. 27). When the left border of the square is reached, go to the right
border and proceed again towards left. The result is a magic square (Figs. 14, 16,
18, 20 in Section II).

This method is unique to Giridhara, although the same magic squares can
be obtained by means of the Oblique-Move Method taught by Narayana in his
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(1) ) (k—j+2) (k+1)
a1 v G aj.j a1
az1 ot G2 aj+1,j 621

= Qn j
a17j
anvl e ansj aj_lyj U anal

Figure 27: Transformation of a quasi-magic square into a
magic square (n = 2k + 1).

Ganitakaumudt (A.D. 1356) (see Hayashi 1986, xxvi—xxviii; 1988, 649-650). The
same magic squares can also be obtained by rotating Thakkura Pherti’s (ca. A.D.
1315) magic squares of odd orders, which he made by a method unique to him (see
Hayashi 1986, vi—vii; 1988, 652-653).

(3) Rule for magic squares of evenly-even orders (n = 4k) (Verse 84). Giridhara
states the rule for magic squares of evenly-even orders very briefly in one verse (Verse
84), only referring to two essential points of the procedure, namely, (i) that one starts
from “the first cell” and proceeds “in one direction” and then “in the direction to the
left”, and (ii) that one writes numbers “in pairs”. The details of the procedure are
not clear, but what Giridhara intends here is probably the Diagonal Method taught
by the anonymous author of a 12-th century Arabic manuscript (Fatih 3439, see
Sesiano 1980, 191-192) and by Manuel Moschopoulos (ca. 1265-1315) (see Tannery
1920, 42-49; Sesiano 1998, 385-386). It is as follows (the left-right relation is reversed
in the Arabic manuscript).

Divide the square of n? cells into k% small squares of 16 cells each and mark the
diagonal cells of each small square (Fig. 28). Then, starting from the cell on the
top-left corner, proceed to the right on each row, filling only the marked cells with
the corresponding numbers beginning with 1. When the cell on the bottom-right
corner is filled, proceed in the reversed way, filling the empty cells with the remaining
numbers in ascending order. The square obtained is a magic square (Figs. 15 and
19 in Section II).

(4) A magic square of order 6. Giridhara does not give a general rule for magic
squares of oddly-even orders (n = 4k + 2), but simply shows a magic square of order
6 without explanation (Fig. 17 in Section II). I have not so far been able to find
this magic square elsewhere in Indian literature, but an analysis shows that it is a
bordered magic square made by means of the Frame Method of Islam. The method
employed by Giridhara was presumably as follows.

The first ten numbers, 1-10, are arranged on the border or frame consisting of
20 cells in such a way that only one of the two ends of each row, of each column,
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Figure 28: Diagonal Method for evenly-even magic squares.

8 |11 14 | 1
132 | 7|12
3 (16| 9| 6
101 5|4 |15

Figure 29: Islamic square used by Giridhara as the core of
his square of order 6.

and of each diagonal is filled with a number. The next sixteen numbers, 11-26, are
arranged in the inner square of 4 x 4 cells according to the pattern of a magic square
of order 4 already known. The inner square itself, therefore, is a magic square of
order 4 with the constant sum, 74. The last ten numbers, 27-36, are again arranged
on the frame in such a way that the sum of the two numbers at both ends of each
row, of each column, and of each diagonal, is equal to n? + 1.

Exactly the same magic square of order 6 occurs in a small compendium on
bordered magic squares compiled by a Muhammad ibn Yinis and contained in a
12-th century Arabic manuscript (Husrev Pasa 257, see Sesiano 1991, 18, Fig. 8).
He describes, in terms of the moves of chessmen, how to construct the magic square
of order 4 (Fig. 29) employed here as the pattern for the inner, core magic square,
and then states four methods for constructing the borders (or frames) of oddly-even
magic squares, the first of which produces the border of Giridhara’s square of order
6 (see Sesiano 1991, 16-17).

The same magic square of order 4 (Fig. 29) was frequently used by al-Ban1 (d.
1225) and al-Zinjani (ca. 1250) as a basic pattern for talismans (Figs. 30 and 31) (see
Ahrens 1922, 162, etc.; Sesiano 1981, 260-264). Al-Bun1 ascribes it to Plato (see

16 | 1922 9
2111011520
11124 | 17 | 14
18 | 13 | 12 | 23

Figure 30: Al-Binr’s magic square with s = 66 for Allah
(1,30,30,5).
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200 | 80 | 70 3
69 4 1199 81
5 72 | 78 | 198
79 1197 | 6 71

Figure 31: Al-ZinjanT’s magic square for Ja<far (3,70,80,200)

with s = 353.
15121127 1
251 3 | 13|23
5 13117 |11
19 9| 7 |29

Figure 32: A magic square of order 4 with s = 64 in the
Ayasofya manuscript.

Ahrens 1922, 164; Bergstrasser 1923, 228), while al-Zinjani, like ibn Yinis, describes
its construction in terms of the moves of chessmen (see Sesiano 1981, 258).

In a small Arabic treatise on magic squares, assignable to the beginning of the
11th century, which is contained in a 13th-century manuscript (Ayasofya 4801), the
same magic square (Fig. 29) is constructed by means of a kind of Diagonal-Horse
(or Knight)-Move Method, which the anonymous author prescribes for evenly-even
magic squares in general (Sesiano 1996, 118-121 with Figs. 14 and 15). The same
pattern is employed in that treatise in order to construct a magic square of order 4
(Fig. 32) and the core of a magic square of order 6 (Fig. 33), both with the numbers
in an arithmetical progression; the pattern of the latter’s border, however, is different
from that of Giridhara’s.

It is also used as the core of the Islamic square of order 6 (Fig. 34) incised with the
Indo-Arabic numerals on an iron plate, which has been discovered at the ruins of the
palace of the Chinese prince of Anxi (fl. 1278) (see Martzloff 1997, 365). The reversed
form (mirror image) of the same magic square was used also by Moschopoulos as the
basic pattern for the squares of order 4 constituting magic squares of evenly-even
orders (Fig. 35) (see Tannery 1920, 48-51; Sesiano 1998, 388-390).

A magic square of order 6 having a border very close to that of Giridhara’s is

19 |55 |13 (65|63 | 1
61|35 |41 47|21 |11
57 | 45|23 |33 |43 |15
3 (2556137 |31]|69
5 139129 27|49 |67
71117159 7 [ 9 |53

Figure 33: A magic square of order 6 with s = 216 in the
Ayasofya manuscript.
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2804 |3 31|35 |10

36 [18 121 12411 ) 1
7T 123121722 |30
8 113261916 |29
5120|1514 |25 | 32

271331346 | 219

Figure 34: Islamic magic square of order 6 found in China.

1 162(59| 8|9 |54|51]16
60| 7 | 2 |61]52)15 |10 | 53
6 [ 57|64 3 |14 |49 |56 | 11
63| 4 | 5 |58 5512|1350
17 | 46 | 43 |24 | 25 | 38| 35 | 32
44 | 23 | 18 | 45| 36 | 31 | 26 | 37
22 141 | 48 |19 | 30| 33 | 40 | 27
47 120 [ 21 |42 139 |28 29| 34

Figure 35: Moschopoulos’ magic square of order 8.

found in al-Kharaq?’s (fl. 1100) work (Fig. 36) (see Sesiano 1995, 199), although its
core square follows the pattern, not of this Islamic square (Fig. 29), but of another
Islamic square of the Fatih manuscript mentioned above, which has the reversed
form (mirror image) of Giridhara’s square of order 4 (Fig. 15 in Section II).

I have pointed out elsewhere that that Islamic square (Fig. 29), with a rotation
of 90°, coincides exactly with one of the four possible forms of the original square
reconstructed from Vardhamihira’s (ca. 550) irregular magic square of order 4 (Fig.
37) (see Hayashi 1987). But neither the Islamic square of order 4 itself nor the
Frame Method have so far been found in any other Sanskrit works including those
of Narayana and Thakkura Phera.

Verses 81-84 are followed by illustrations of “the quasi-magic squares” of orders
3 to 9, and of the magic squares of orders 3 to 9 (see Figs. 7-20 in Section II).

Verse 85. Example. A king’s equal donations of 81 towns to his 9 devotees. Given:
The properties of the 81 towns are expressed by the natural series, 1,2,3, ..., 81.

6 (28|34 2 |36 5
4 114124251133
30 19|17 |16 (22| 7
20115212018 8
10 1 26 | 12 | 13 | 23 | 27
3219133131

Figure 36: Al-Kharaqi’s magic square of order 6.
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213158
5181213
411|716
716141
Figure 37: Varahamihira’s irregular magic square of order 4
with s = 18.

Solution: Although no explanation is given, the magic square of order 9 already
given is perhaps meant to be the answer to this problem. Each row (or column)
seems to be assigned to each devotee.

Verse 86. Rule for a magic square having any optional constant sum.

Type of problem. To construct a magic square of any order (n) having any
constant sum (s) with the numbers constituting an arithmetical progression.

Solution. Divide the given “quantity” (rasi) or the constant sum (s) by the sum
of the natural series up to (n? — 1) divided by the “line” (parnikti), n; the quotient
is the common difference of the arithmetical progression to be used. Next, divide
the remainder of the division by the “line”; the quotient is the first term of the
progression. Then, fill the square with the numbers of this progression according to
the pattern of the magic square of order n already known.

Note. Let a and d be respectively the first term and the common difference of
the arithmetical progression to be used for the magic square. Since the sum of the
numbers arranged in the square is equal to the sum of the arithmetical progression,
n? S(n? —1)

{2a+ (n*-1)d}, or s=na+

neg = —
2 o)

d,

where S(n) is the sum of the first n terms of the natural series (see Verses 41-43
above). Hence follows the above rule. Narayana (Ganitakaumudi, bhadraganita,
v.9), on the other hand, rewrites the above equation as:

—S(n? —1)d + ns
2 )

a =
n
and obtains integer solutions (a, d) by means of the rule of pulverizer (kuttaka) (see
Hayashi 1986, xi; 1988, 677). In reality, however, Giridhara’s rule is equivalent to
Narayana’s, since Giridhara’s “division” of s by S(n?—1)/n includes, so to speak, an
extended division, where the remainder is greater than the divisor. See the following
examples.
Four examples for Verse 86 (see Figs. 21-24 in Section II).
(1) Given n = 3 and s = 300. Solution: a = 20 and d = 20. Note: S(n?—1)/n =
36/3 = 12. Hence s = 300 = 12 x 25 + 0, but Giridhara takes: 300 = 12 x 20 + 60,
and 60 = 3 x 20. The numbers are arranged according to the pattern of Fig. 14.
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(2) Given n = 3 and s = 51. Solution: @ = 5 and d = 3. Note: Here also
S(n? —1)/n = 12. Giridhara takes: 51 = 12 x 3 + 15, and 15 = 3 x 5. According to
the pattern of Fig. 14.

(3) Given n = 4 and s = 300. Solution: @ = 15 and d = 8. Note: S(n? —1)/n =
120/4 = 30. Giridhara takes: 300 = 30 x 8 4+ 60, and 60 = 4 x 15. According to the
pattern of Fig. 15.

(4) Given n = 4 and s = 50. Solution: a = 5 and d = 1. Note: Here also
S(n?—1)/n = 30. Hence 50 = 30 x 1+ 20, and 20 = 4 x 5. According to the pattern
of Fig. 15.

IV.10 Concluding remarks (vv. 87-89)

In the first of the three concluding verses, Giridhara enumerates three characteris-
tic features of this work. (1) This book treats algebraic topics without employing
algebraic symbolism. Most books of pati (algorithm) have more or less the same
characteristic, but it is elaborated in this work, especially in Section 4 on “Miscella-
neous operations”, which includes various linear equations. (2) This book contains
formulas that can be used in everyday life. With the formula given in Verse 79cd,
for example, we are able to know the height of a bamboo without using mechanical
instruments (yantra) other than a simple gnomon. (3) This book is concise but is
easy to understand.

The remaining two verses contain ordinary colophonic statements. That is, Girid-
hara hopes that this work, with corrections if necessary, will continue to be used by
people forever.
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Appendix A: List of word numerals used by Giridharabhatta

The references in the following list are to the verse numbers.

0 = abhra, 78; kha, 74, 80
1 = ku, 41, 46; bhu, 25; ripa, 50cd
2 = aksi, 27; yama, 27
= guna, 27; rama, 41; vahni, 76
4 = abdhi, 31, 58ab, 67; yuga, 76; veda, 80
5 = aksa, 25, 76; visaya, 27; Sara, 27, 74
7 = naga, 27
8 = gaja., 27; naga, 39
10 = dis, 39, 74, 76; disa, 27
11 = $iva, 25
12 = arka, 25, 31, 53; bhanu, 39
13 = visva, 18
14 = manu, 18
15 = dina, 39
16 = asti, 80; nrpa, 53
20 = nakha, 29, 65, 70%, 74
25 = tatva/tattva, 18, 71, 72
32 = rada, 78
33 = amara, 58ab

Appendix B: List of abbreviations used in the manuscript

The word, udaharana (“example”), which introduces verses for examples, is consis-
tently abbreviated uda. The other abbreviations are sporadically used in the answers
to the examples or in the figures attached to them. The references in the following
list are to the verse numbers.

a = asdva, 23, 25, 27, 29
uda = udaharana, 18, et passim.

ko = koti, 57
ga = gaja, 27, 39
ja = jana, 34

trai = trairasika, 34

traira = trairasika, 34

di = dina, 49, 51cd

ni = nila, 39

pamcara = pancarasika, 34
pha = phala, 34, 74, 76, Fig. 6
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ma = manikya, 39; = masa, 34
yo = yojana, 47

ra = ratha, 39

ri = rupa, 23, 25, 27, 29

va = vajin, 39

vya = vyasa, Fig. 2

§a = Sara, Fig. 3, Fig. 4, Fig. 5
sam = sankalita, 44

saptara = saptarasika, 34

st = suksma, 65; = siitra, Fig. 4

Appendix C: Figures in the manuscript
I reproduce here seven figures from the manuscript. Six of them (Figs. 1la—6a) are

from the section on plane figures and one (Fig. 17a) from the section on magic
squares. They correspond to Figs. 1-6 and 17 in Section II.

EELMSEES
magsAzeius:
HmAnIZI D
A uag!

Figure la: Circle and sphere.
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Figure 2a: Arc and chord in a circle.




The Caturacintamani of Giridharabhatta

LTS

AT -
AR AT A WYY
AN 0

Figure 3a: Segment of a circle.
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Figure 4a: Fish-like figure.
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Figure 5a: Moon-digit-like (crescent-shaped) figure
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Figure 6a: Drum-shaped figure.
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Figure 17a: Magic square of order 6.
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