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Abstract

The Sarvasiddhantaraja (1639) of Nityananda is a monumental treatise that provides a
comprehensive treatment of various aspects of astronomy. Since trigonometry was vital
for professional astronomers, Nityananda gives a systematic and detailed account of this
topic in over sixty-five verses in one of the early chapters in this treatise. As is the
case with much of the Sarvasiddhantaraja, Nityananda introduces certain novel features
which are not found in prior treatments, some of which are his own insights, others of
which were inspired by Arabic sources. We present a critically edited text of part of
the trigonometry section on the basis of six manuscripts, as well as a translation and

commentary of the technical content.

I Introduction

In 1639, Nityananda, astronomer at the Mughal court of Shah Jahan in Delhi, wrote
his monumental Sarvasiddhantaraje (‘King of all siddhantas’). This work was com-
posed in the typical siddhanta format: two main sections—the ganita and gola—
covering various topics relating to planetary computations (see Table 1). It has been
observed that the work is notable for its incorporation of many Islamic parameters
and concepts (Misra 2016; Pingree 1978, 1996, 2003). However, the full extent of
this adoption is yet to come to light as more chapters of this text remain to be
examined. Indeed, by the time of the composition of this treatise, Nityananda was
no stranger to the Islamic astronomical tradition, as around a decade earlier he had
produced a translation of the massive set of astronomical tables of Ulugh Beg (ca.
1440) via the Persian intermediary, the Zij-i Shah Jahani. Accordingly, his work
is critical in tracing the transmission of Arabic astronomy and mathematics into
Sanskrit sources.

Like most siddhantas, Nityananda devotes a large portion of his text (I 3, 19—
85) to a systematic exposition of trigonometry. This appears in the chapter which
concerns the determination of the true positions and velocities of the planets, as
the orbital corrections involved in determining these require computing Sines and
related trigonometric relations. In this portion, Nityananda commences with a brief
description of the method of reckoning the different values of Sines. He then moves
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on to discuss at length certain relations among the Sines, Cosines, and Versines of
various arcs, including the rules for determining the Sines of the sums and differences
of two arcs in five sections (prakara) (I 3, 19-59). A notable feature of his exposition
is the justification of the results by means of diagrammatic representation. Follow-
ing this, Nityananda introduces a sixth section (I 3, 60-85) in which a recursive
algorithm, accompanying geometrical demonstrations, an algebraic derivation, and
a worked example (udaharana) are set out to determine the Sine of 1° and from
that, the Sine of 0;01°. This section, albeit in verse, parallels in a few aspects the
account given by his Islamic predecessor al-Kashi,! although ingenious modifications
have been made by Nityananda to account for the fact that he uses Sines and not
Chords.

Part Names of the different chapters
I ganita | 1. mimamsa (Philosophical Rationales)
2. madhyama (Mean Positions)
3. spasta (True Positions)
4. tripras$na (Three Questions: Direction,
Place, Time)
5. candragrahana (Lunar Eclipses)
6. suryagrahana (Solar Eclipses)
7. $rngonnati (Elevation of the Lunar
Cusps)
8. bhagrahayuti (Conjunction of the Stars and
Planets)
9. bhagrahanam unnatamsa (Measure of Altitudes of the

Stars and Planets)

IT gola | 1. bhuvanakosa (Cosmography)
2. golabandha (Armillary Sphere)
3. yantra (Astronomical Instruments)

Table 1: The contents of the Sarvasiddhantaraja.

The current study examines the first five sections in detail, offering a critically
edited text based on six available manuscripts, a literal English translation, and
technical analysis of the contents of all the verses constituting these sections. An
examination of the sixth section (I 3, 60-85) is in preparation and will appear in a
forthcoming publication.

Our study of these sections of the Sarvasiddhantaraja has revealed many fas-
cinating features in this text. These include the use of the measure sixty as the

! See Aaboe (1954) and Rosenfeld and Hogendijk (2003).
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Radius of the circle, the articulation of new trigonometric elements including the
Coversine and the ‘arc-hypotenuse’ (capakarna), the juxtaposition of both algebraic
as well as geometric techniques to demonstrate the validity of a result, and detailed
instructions for ruler-and-compass type constructions to establish the equivalence of
key line segments. Though some of these innovations present in the text have been
inspired by Arabic and Persian sources, the resulting overall treatment of the topic
made by Nityananda clearly mirrors his extraordinary skills in weaving these with
his own insightful findings within the framework of a traditional siddhanta.

IT Critical Edition of the Verses

II.1 A Description of the Sources

The critical edition of the text presented in the following pages is based on six
manuscripts of the Sarvasiddhantaraja.> The manuscripts and the library or reposi-
tory that currently holds them, along with the sigla we assigned them are presented
in Table 2.3

Siglum | Description of the Manuscript

Sarasvati Bhavana Library, Benares, (1963) 35741

Sarasvati Bhavana Library, Benares, (1963) 37079

Bhandarkar Oriental Research Institute 206 of A, 18831884
National Archives Nepal, Kathmandu, Microfilm Reel No. B %
Rajasthan Oriental Research Institute (Alwar), 2619

Wellcome Institute for the History of Medicine, Y550

Szl ER

Table 2: Manuscripts of the Sarvasiddhantaraja, their locations, and the sigla.

In what follows, we provide a brief description of the manuscripts listed in Table
2. For a comprehensive description of five of them, the reader is referred to Misra
(2016, 45-100).

Manuscript B; This was copied in Samwvat 1804 (= 1747 CE). It is comprised of
84 folia; the trigonometry passage is found between ff. 14r—20r. It is written
in a tidy Devanagari hand, filling roughly 11-12 lines per page. The scribe
has left space for the diagrams but has not filled them in. Part of f. 15v and
16r are left blank, presumably for the Sine table, as well as 18v-19r. This
manuscript contained the most variant readings. In particular, this scribe had

2 Many more copies exist. See Pingree (1970-1994, A3 173-4, A4 141, A5 184) which lists 16
altogether.

3 The following concordance should be observed: the present Bi, B2, B,, N, R are Misra’s Bn. I,
Bn. II, Br. I, Np. I, Rr. L.
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trouble correctly copying the aksara’s that corresponded to lettered points on
the diagram, often rendering them wrong. Of note is his repeated confusion in
this context between the two symbols for 7a and da.

Manuscript B, This was copied in Samwvat 1895 (= 1838 CE) and Samuvat
1936 (= 1879 CE). It is comprised of 85 folia; the trigonometry passage is
found between ff. 13v—18r. The scribe has a neat hand with rather vertical
Devanagart and the manuscript is oriented in the book-layout. As is the case
in By, spaces are left for the diagrams which have not been filled in.

Manuscript B, This was copied in Samovat 1941 (= 1884 CE). It is comprised
of 47 folia; the trigonometry passage is found between ff.9r—11v. There are
around 14 lines per page and the hand is a rough Devanagari. There are no
diagrams nor spaces left by the scribe for them.

Manuscript N This contains no indication of the date it was copied. It is com-
prised of 96 folia; the trigonometry passage is found between ff. 15r—21v. There
are around 9 lines per page in a compact Devanagari hand. This manuscript
includes a Sine table with 90 entries (ff. 15r-15v) and a Sine of first differences
table with 90 entries. The manuscript also includes roughly drawn diagrams
some which are incomplete or badly smudged.

Manuscript R This was copied on Thursday 10 Suklapaksa of Karttika in Samwat
1903 (29 October 1846). It is comprised of 60 folia; the trigonometry passage
is found between ff. 11r—14v. It is written in a clear broad hand, with around
14 lines per page. This manuscript is the most reliable one and includes many
diagrams (see Figures 2, 6, 8, 10) most of which are well executed.

Manuscript W This contains no indication of the date it was copied. It is com-
prised of 67 folia; the trigonometry passage is found between ff. 18v—27r. It is
written in a loose Devanagari hand, filling roughly 10 lines per page. The scribe
has included spaces for the diagram. Many are filled in; a few have been left
blank. Even those diagrams that have been drawn have been executed roughly
and some are incomplete. This manuscript also includes a Sine table with 90
values, found on ff. 18v—19r.
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I1.2 Conventions Adopted

In preparing our critical edition, we have adopted the following conventions:

o Square brackets [ | represent an addition to the translation for sense and mean-
ing. Round brackets () indicate an editorial gloss to clarify the text.

o Common orthographical variants have been emended silently and have not been
recorded in the critical apparatus. These include misplaced dandas, omitted vis-
arga, virama, or avagraha, anusvara for a conjoined nasal, doubled consonants
such as acaryya or arddha, frequent confusion over 7ia and da, and tha and ta.

e The use of letter labels compounded onto existing Sanskrit words have created
some novel Sandhi resolutions. For instance, we have emended anyan rakara
to anyan nakara.

e We have not critically edited the diagrams, leaving that to a future dedicated
study.

o All manuscripts had issues with the numeration of verses but as they are trivial
we have not recorded them.
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IIT Text, Translation, and Technical Analysis

In the following sections, we present Nityananda’s text in Devanagari, with accom-
panying transliteration and English translation, verse by verse. The meter of each
verse has been identified and noted on the right hand side after each verse, both in
Devanagary and in transliteration.

At the end of each section, we offer a thorough analysis of the technical contents
of the verses, often with recourse to modern symbolic styles of reasoning to help
the reader follow the mathematics expressed in these verses. We have also included
diagrams as well as original images from the manuscripts to show the ways in which
the diagrams were executed by the scribes. In addition, where appropriate, we have
inserted our own diagrams to further elucidate the contents of the text.

The structure of this excerpt of chapter three of the Sarvasiddhantaraja is as
follows:

verses 19-23 Preamble and definitions

verses 24-30 | Section 1 The Sines of ninety, thirty, eighteen degrees
verses 31-36 | Section 2 The Sine of half the arc

verses 37-40 | Section 3 The Sine of double the arc

verses 41-48 | Section 4 The Sine of the sum of two arcs

verses 49-54 | Section 5 The Sine of the difference of two arcs

verses 55—H9 Demonstration of equivalences by geometrical

construction ($ilpa)

Table 3: The structure and contents of the five sections on trigonometry.

Nityananda introduces each section with a short statement in prose which de-
scribes the contents of the upcoming verses. These statements have a distinct struc-
ture: they announce the section number, indicate the relation that is given (using
the locative absolute), and specify the relation to be derived.

ITI.1 Preamble and Definitions

Text and translation

AT ATH Y |
atha jyakathanam |

Now, the description of the Sines.

T OTRIR TS

ST T ST |

ATt Uedl = o

AETSTE! ITosid ATeamsi 1| 98 || || I IYIfereR I
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acaryavarya ganakas ta eva

jananti ye jyanayanopapattim |

tato ’dhigantum padavim ca tesam

mahajado varnchati madrso ’pi ||19]| || rama upajatika ||
Oh revered teachers! Only those are considered mathematicians who know the rationale
behind the computation of Sines. Therefore, [by venturing to explain that,] even a

dullard like me wishes to accomplish their status.

SIS I
e sifrees faam |
ThuTe Tafd Sar

=g geat fafesa=a=irdT 1l R0 || Il TT It |l

sastyangulavyasadalena vrttam

digankitam bhumitale vidhaya |
pratyekapade navatim lavanam
vibhajya tulyam vilikhen manist ||20] || bhadra upajatika ||
Having drawn a circle on a [flat] surface of the earth with radius 60 arigulas [and]
marked with directions, in each of the [four] quadrants, having divided them into equal

[parts], may the intelligent one mark ninety degrees.

e TR a7 AR o8 Tohed dgeeh e |

ST | hife g g Teg e St 1129 | || HrT SusTifere I
purvam param va yad shasti cihnam prakalpya tallaksakanamadheyam |

abhistacapasya tu kotiyugme rajjur nibaddha khalu saiva jwa || 21 |||| maya upajatika ||
Having placed labels that identify the points which have [already] been marked whether
they are in the eastern [half] or in the western [half], the string tied at the two

end-points of the desired arc is indeed [its] chord.

T SATIHE JagT dalT:

Frardwe BRI |

AT STRTITIFTAT s

o feRareT e R =g 11 *R 1l || ST ITSTTTcrenT Il
Jyam jyardham eva pravadanti tajjnah

vyasardham eva tribhasifjiniii ca |

yato jyakardhagragato grahendrah

tiryaksthito madhyamasutratah syat || 22 || || $ala upajatika ||
The knowledgeable in this [subject, conventionally] refer to jyardham (literally:
half-chord; i.e., the Sine) as “jya (literally: chord)”, and the Sine of three signs (i.e,
90°) as the Radius. This is because [in astronomical models, the position of] the planet,
lying at the tip of the half-chord, situated perpendicular to the central line [intersecting

the chord, is computed using this measure].

13
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YT AT

TR dTad |

e s

st =ar swaf=r 1123 1l || <hife: IaTTTcrRT ||
athocyate jyanayanopapattih

paticaprakarair ganitasya tavat |

tritryamsakotthani parisphutani

trimsajjyakardhani yato bhavanti || 23 || || kirtih upajatika ||
Now, the rationale behind the computation of Sines is indeed described through five
sections. Since there are only 30 Sines, accurate values [of Sines of any angle] are obtained

from [the Sine] of one third of three degrees (i.e., Sin1°).

Technical analysis

In the opening five verses, Nityananda describes the preliminaries necessary for his
reckoning of Sines. First, he prescribes the construction of a circle with Radius
equal to sixty angulas.* He then instructs that the arc of the circumference for each
quadrant be divided into 90° (lava), as indicated in Figure 1. In explicitly defining
his Radius as sixty units, Nityananda becomes one of the few Indian scholars to
construct a Sine table with R = 60.> This value is almost certainly inspired by the
Islamic tradition.%

Nityananda then defines the chord of an arbitrary arc (verse 21) by the act of
fixing a string (rajju) at two points on this circle (say, A and B in Figure 1). He
then continues (verse 22) to clarify the use of some technical terminology, in order
to avoid ambiguity. The Sanskrit word for chord is jya and given that the Sine is
defined as half of this chord, the Sine is thus called jyardham, a compound of jya
and ardham meaning literally ‘half of the chord’ However, Nityananda notes many
authors simply abbreviate the term jyardham to jya to refer to the Sine. Thus since
jya can refer to both ‘Chord’ and ‘Sine’, the reader must be cautious to distinguish,
presumably from the context and/or with the aid of commentaries, which one is
being referred to. While on the topic of terminology, Nityananda also reminds the
reader that one can substitute the term ‘Radius’ (vyasardha) with the term ‘Sine

4 An angula is a common unit of linear measure used in Indian works.

5 He is not the first however. Around half a century earlier, Indian author Bhudhara graduated the
radius of his quadrant into 60 units in his Turyayantraprakasa (ca. 1572). See SaKHYa (2014).

6 See, for instance, Van Brummelen (2009, 136). More common Radii measures in the Sanskrit

tradition included 3438, 3270, 150, and 120.
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W

Figure 1: The circle with Radius 60 and quadrants marked on which the chord and
the Sine can be visualised.

(R = Sin90).7

It is also in verse 22 that Nityananda gives a fascinating insight into the moti-
vation for Indian scholars in originally adopting the ‘half-chord’ over the chord as
employed by the Greeks. Given the extensive use of trigonometry in the computa-
tion of planetary positions, it is the half-chord—the measure of the segment from the
apsidal line to the planet positioned on a circular orbit—that is of more immediate
use to astronomers, rather than the entire chord itself.

Nityananda concludes his introduction by noting that the techniques he shall be
setting out in the following five sections provide a set of thirty Sine values corre-
sponding to every 3° of arc.® However, he also prepares the reader for his treatment

7 Given that these procedures were composed in a verse-format which has various metrical con-
straints, having synonyms in order to satisfy these constrainsts was a huge advantage to the com-
poser.

8 Sine tables with thirty values were used by several of Nityananda’s predecessors. For instance,
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of the determination of the Sine of 1°, which follows the five sections in a ‘sixth
section” With an accurate value of the Sine of 1°, one can find the Sine of any arc
of integer degrees by the application of the sum or difference formula. This allows
him to produce a Sine table with 90 entries, which is included in some manuscripts.

II1.2 Section One: The Sines of Ninety, Thirty, and Eighteen De-
grees

Text and translation

TATATHR FATAH SRR HRIEAT ST |

Now, in the first section (prakara), the knowledge of the Sines of ninety, thirty, and

eighteen degrees [is described].

TIZTSET HA RIS S

BECEEREIBEICIE N

FeUid fagaRTgaid

IS IS AT 1€ I I g |l

navatyamsajiva bhaved vyasakhandam

tadardham kharamamsajiva nirukia |
tadardhonitam vistrter anghrivargat
sapadat padam jyastacandramsakanam || 24 || || bhujangaprayatam ||
The Sine of ninety degrees is the Radius (vyasakhanda). The Sine of thirty (kha-rama)
degrees is stated to be half of that. The Sine of eighteen degrees is the square-root
of the square of quarter of the Diameter increased by quarter [of that amount], de-

creased by half of that (i.e., half of quarter the diameter, that is, a quarter of the Radius).

ST |
atropapattif |

Now, the demonstration.

JaTgharm R
FATITRT T Hra e |
VLA

THOTRIE T T 1124 1| || ST ITSTTTcrenT Il

purvankakendropagasutramadhye

krtvardhavrttasya ca kendracihnam |

tato nayed daksinagamisutram

Bhaskara II describes how to construct one in his Jyotpatti chapter of the Siddhantasiromani (Séstri
1989).
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karnanukaram prathamam manist || 25 || || $ala upajatika ||
Making the central point of the half circle as the middle of the line going between the
east point [of the main circle], may the intelligent one first draw a line from that [point]

towards the south [point] which resembles the hypotenuse.

TR STehifemd

AT Y WA 7 T |

ot TR FATIT

ARG W0 ] 6 I [EESEll
EEERIMIE R

T A GO T TSiar

I(Q\*I*&d"qul ST HRTHHDPT-

IFHREINIE HRESIPIEEA] || ST ITSTTTeraRT I

ekatribhajye bhujakotirupe

tryasrabhidhe spastatare ca vindyat |

karnah sprsed yatra krtardhavrtte

tadyamyacihnantaragam pramanam || 26 || || indravajra ||
sadvahnibhagonmitacapakarnah

syat tasya khandam dhrtibhagajiva |

siddhyanty ato jya rasaramabhaga-

dvisailabhagabdhisaramsajadyah || 27 || || bala upajatika ||
In the clear [right-angled figure] called trilateral [whose hypotenuse has just been
drawn], one may understand that the Sines of one and three signs form the upright
(bhuja) and the lateral (koti) [respectively].” Wherever the hypotenuse (karna) touches
the circle made into half [the Radius], the measure of the distance between this [point]
and the south point gives the hypotenuse corresponding to the arc equal to thirty-six
(sad-vahni) degrees. Part (i.e., half) of it is the Sine of eighteen (dhrti) degrees. From
this, the Sines corresponding to thirty-six (rasa-rama) degrees, seventy-two (dvi-Saila)

degrees, and fifty-four (abdhi-sara) degrees and so on are obtained.

FErSaTeTar e ATRIRISTh e |
3T AT S ShareT TRt i 11 =¢ | Il 5 |l
trijyavargardhato mulam sardharasijyaka bhavet |

atra sardhabhaje jiwe dohkoti trijyaka srutih || 28 || |

Sloka ||
The square-root of half the square of the Radius is the Sine of a sign and a half (i.e.,
45°). In this case, the upright (doh) and the lateral (koti) are [both equal to] the Sine
produced for a sign and a half (i.e., 45°). The hypotenuse is the Radius.

9 Given their clear orientation in the diagram in this text, we have opted to for the translations
‘upright’ and ‘lateral’ for bhuja and koti respectively. Commonly, bhuja can also be translated as

‘side’ or ‘base.
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o C o
SATAT AT =S SifesT |

T T R CSTRTITEHTHe o arsdan |1 2R I Il il

dorjyavargonitat trijyavargan mulan ca kotija |

jya syat kotijyakavargahinan mulam ca dorjyaka || 29 || || $loka ||
The square-root of square of the Radius decreased by the square of the Sine (dorjya) is
the Cosine (kotija jya). And the square-root of [the square of the Radius| decreased by
the square of the Cosine (kotijya) is the Sine.

3T ST ST QIS4T HITC: HITCSTHT T |

FHUITESAT A AT Fifegsd R 1l 30 |l Il gl
atra tryasre bhujo dorjya kotih kotijyaka tatha |

karnas trijya tatah sadhye kotidorjye parasparam || 30 || || $loka ||
Here, in [a right-angle] triangle, the Sine is the upright (bhuja), the Cosine is the
lateral (koti) and the hypotenuse is the Radius. From it (i.e., the hypotenuse), the
Sine and the Cosine can be obtained mutually from one another [using the Sulba

(‘Pythagorean’)-theorem)].

Technical analysis

In this section, Nityananda specifies the values of the Sines of ninety, thirty-six, and
eighteen degrees, and using these, the values of others. In verse 24, he gives the
following Sine relations:

Sin90 = R, (1)

Sin 30 = g, (2)

Sin18:\/<f>2+i<f>2—;-f. (3)

These and associated Sine relations are justified in verses 25-27 by means of a

demonstration (upapatti). This demonstration invokes a geometrical construction. A
diagram depicting the construction has been presented in some of the manuscripts
(Figures 2 and 3).

In Figure 4, U is the midpoint of OF. Having marked this, Nityananda instructs
one to join this point to the South point (.S). Then he points out that in the resulting
triangle UOS, the upright is equal to the Sine of 30° (OU) and the lateral (OS') is
equal to the Radius (or the Sine of 90° or three ‘signs’). The circle with the midpoint
U as center and radius OU will intersect the hypotenuse (karna) at V. The resulting
line segment (VS) is equal to the chord of 36°.19 Half of this chord is stated to be

10 The validity of this can be demonstrated by noting that the chord of 36° is equivalent to the
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Figure 2: An excerpt from manuscript R (f.11v) which depicts the geometrical
construction related to obtaining the Sines of 18° and 45°, and, below it, the chord
of 36°.

the Sine of 18°. This easily follows from the well-known relation that the Sine of an
arc is half the chord of double that arc, or in modern notation, Siné = Crd 26/2.

Now we will set out a simple approach by which we can arrive at the expression
given in Equation (3). It is easily seen from Figure 4 that:

s [(3) +(2)

side of a decagon inscribed in the circle. The steps that Nityananda describes here are in fact also a

common way to construct a decagon with ruler and compass. See, for instance, the demonstration
in Richmond (1893).



20 Montelle, Ramasubramanian and Dhammaloka SCIAMVS 17

Figure 3: An excerpt from manuscript N (f. 16v) depicting the upper part of the
diagram shown in Figure 2.

Hence,

VS=US-UV

A2

When half of VS is taken, there results:

vs_ J1(DY, 1
2 4\ 2

as required.!!
The expression for the Sine of 18°, given in Equation (3), may be rewritten in
terms of R as:'?

' The same derivation is stated in Muniévara’s Marici (before 1638). See Gupta (1976). We thank
one of the anonymous referees for bringing this to our attention.

2 This is the more familiar form given by other astronomers, such as Bhaskara IT (Jyotpatti verse
9). See Gupta (1976, 2).
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Figure 4: Top: The geometrical construction to determine the Sines of 36° and 18°,
45°, and the general relation between the Sine and the Cosine. Bottom: Another
geometrical construction related to the determination of the Sines of 36° and 18°

that appears below the construction in manuscript R (see Figure 2).
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. 4R? 1 [(4R? R
Sln18:\/42+<42>_4

4
_ /5B R
V42 4
_ VBR?—R
- 4

The expression for Sin 18° given in the text can be obtained from the construction
shown in Figure 4 (bottom) which is essentially a reconstructed form of the lower
image of 2. From the two similar isosceles triangles in the figure, we have:

Xz _ oY or (z+60) _ 60 (5)
0Z YZ 60 =z

From the above equation we get the following quadratic:
22 + 60z = 60°. (6)

Solving the above quadratic:

22 4 60z + <620>2 = 60% + (62()) (7)

so that,
60 60\
— = 4/602 — . 8
T+ 5 + ( 5 ) (8)
Then,
/ 60 2 D
2 4 _Z
60 \/ 1 (9)
which is exactly the same as Equation (4) obtained above.

In verse 28, Nityananda provides a rule for determining the Sine of 45°:

Sinds = /. (10)

2
This relation is also demonstrated in the same diagram, but in the bottom left-hand
quadrant in Figure 4. The arc of the quadrant is bisected into two equal halves of
45° each by the radial line OP. The resulting square produced by dropping perpen-
diculars onto the direction lines NS and EW, namely OQPR, is also a right-angled
triangle made up of two identical triangles ORP and OQP. These triangles share
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a hypotenuse, OP, equal to the Radius, whose uprights and laterals are the same,
and equal in measure to the Sine and Cosine of 45°. Application of the Pythagorean
theorem to any of these triangles produces Equation (10) given above.

Verses 29-30 state the familiar rule relating the squares of the Sine and the

VR?2 —Sin?0 = Cos  and V R2 — Cos? § = Sin 6. (11)

These relations are justified in the following verse by means of their status as the

Cosine:

uprights and laterals of a right-angle triangle whose hypotenuse is the Radius. It
appears that this relation too is depicted in the diagram, captured by an arbitrary
configuration in the bottom right hand quadrant of Figure 4, with a Sine (GF') and
a Cosine (HF') and hypotenuse (OF') as Radius.

II1.3 Section Two: Determining the Sine of Half the Arc

Text and translation

Y TAITRR AISATA AT AT dgaA T agehHSaTTa- |

Jyanayanam |

Now, in the second section, when the Sine of the arc is known, [the procedure to obtain]
the knowledge of the Sine of half the arc [is described and also] the computation of the
Versine [is described] since it will be useful for this (i.e., computing the Sine of half the

arc).

TSI ATACHTSZAT
ATEchHSAT T2 T ST |
ST ST UTcidT TS

IS cohHIT THEd a2 1139 |l Il S |l

kotijyaka vyasadalad visodhya

bahutkramagya visikhabhidha syat |

ced vyasakhandat patita bhujajya

kotyutkramajya prabhavet tadanim || 31 || || indravajra ||
The Cosine decreased from the Radius is the base (bahu)-Versine, also refered to as
‘arrow’ (wvisikha). If the Sine is subtracted from the Radius (vyasakhanda), then the

lateral (koti)-Versine is produced.

TAGHISATH I IATAT: IR Gasg Id Td |

AR ST hT T it eSahTATsT Toa ST 1| 3R |l || E1T TATTCrenT Il
bhujotkramagjyakrtisamyutayah dorjyakrter muladalari ca yat syat |

tadardhacapasya bhujajyaka sa kotijyakato’pi tathaiva karya || 32 || || hamst upajatika ||

Whatever [is obtained] from half the square-root of the sum of the squares of the Sine
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and Versine, that is the Sine corresponding to half the arc. Then, similarly [the Cosine
of half the arc] can be obtained from the ‘kotijyas’ (i.e., the Cosine and the Coversine).

o~

3T IRASI AR Bl ATESAT SIATTHRONST FHoT: |
FepoTTe e ATTSiraT AT AaHafE e 1133 |l Iz

atra tryasre vyastajivasti kotih bahujya do$ capakarno ’tra karnah |

yat karnardham saiva capardhajiva capaksetre sarvam etad vilokyam || 33 || |

salini ||
In this [right-angle] triangle, the lateral (kot7) is the Versine (vyastajwa), the upright
(doh) is the Sine (bahujya), and the hypotenuse (karpa) here is the arc-hypotenuse
(capakarna). What is half the [arc]-hypotenuse, this is indeed the Sine of half the arc.

All this is to be visualized in the figure (ksetra) associated with the arc (capa).

SUELE
athava

Alternatively,

e AT ERITITATd dgdeh a7 GeR ST |
TSRO S < A ST T I AT FHstepifesiar 11 3¢ I || Sroft JusTice |l

maulani ca yad vyasasaravaghatat tadardhakam va dhanurardhajiva |

avyaktabano tra ca tena hina trijya bhavet sa nijakotijva || 34 || || vant upajatika ||
Or, otherwise, half the square-root of the product of the Diameter and the Versine
is the Sine of half the arc. In this [right-angled triangle], the unseen'® Versine when

subtracted from the Radius gives its own Cosine.

AT EORY TGl SSTSATHIART AT AT |

TR FIOT AT Y T HIGUSHUR FHiafdr=r=ar Il 34 I || ST Iq=TIferehT |l
tadiyavargas trigunasya vargac cyuto bhujajyakrtir eva sa syat |

Sarasya vargena yuta punah sa kodandakarnasya krtir vicintya || 35 ||| jaya upajatika ||
The square of that (i.e., the Cosine of the half the arc) subtracted from the square of
the Radius, indeed gives the square of the Sine [of the half the arc]. That [square of
the Sine of half the arc] when added to the square of the Versine (Sara) [of half the

arc| is again to be understood as the square of the [new] arc-hypotenuse (kodandakarna).

T IRATIAR: I HIUSHURY T |
FHIUSHORA el TS A AG U AT i | 38 I |l ST ITSTIfereT |l
evam $aravyasahatih prapanna kodandakarnasya tu vargatulya |

kodandakarnasya krteh padam yat tadardhakam capadalasya jwa || 36 |||| bala upajatika ||

In this way, the product of the Versine and the Diameter is the same as the square of

13 Literally: ‘non-manifest’, in the sense of that which has not been indicated in the diagram. Hence

we have used a dotted line to show this in Figure 5.
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the arc-hypotenuse. Whatever is square-root of the square of the arc-hypotenuse, half

of that is the Sine of half the arc.

Technical analysis

The second section deals with rules for determining the Sine of half of the arc
when the Sine of the arc is known. As he begins this section, Nityananda introduces
the Versine because it is useful in determining the half-arc relation. The Versine is
defined (verse 31) as:

Versf = R — Cos¥.

In addition to the Versine, Nityananda also defines the Coversine relation as
Coversinf = R — Sin 6.

The former is more precisely referred to as the base-Versine (bahutkramajya) and
the latter as the lateral-Versine (kotyutkramajya).'* In Figure 5 these are BS and
FFE respectively.

O B S

Figure 5: A diagram showing the Versine (BS ), Coversine (FE ), arc-hypotenuse
(AS), and other key elements covered in this section.

Verse 32 gives rules for determining the Sine and Cosine of half the arc in terms
of the Versine and Coversine, as follows:

(12)

(9) V/Sin2 0 + Vers? 0
Sin =

2 2 ’

14 This latter relation is somewhat uncommon in the Sanskrit tradition.
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and

2 )
Cos <0> _ \/Cos 0 + Coversin 9‘ (13)

2 2
In the following verse, Nityananda presents a diagrammatic justification of the result
in Equation (12). For this, he considers the triangle ABS and then notes that in this
triangle, the Versine (BS) is its lateral and the Sine (AB) is the upright. The
hypotenuse (AS) of this triangle is called the ‘arc-hypotenuse’ (capakarna) which
we denote by K.'5 Then, the measure of K is simply the square-root of the sum of

the squares of the lateral and upright (namely the Versine and the Sine), that is,

K = /Sin20 + Vers2 0. (14)

Half of that, AD or DS, is the Sine of half the arc given in Equation (12). The rule
for the Cosine of half the arc can be demonstrated in a similar way.
Nityananda then states an alternative formula for the Sine of half the arc in the

first half of verse 34:
Sin Q _ vD-Vers6
2) 2 '
The equivalence of the RHS of Equations (15) and (12) can be seen as follows:

(15)

D-Versf = 2R Versf
=2R(R — Cos®)
= R*+ R> —2RCos¥f
= Sin? @ + R?* — 2R Cos 6 + Cos* 0
= Sin? @ + (R — Cos6)?
= Sin? § + Vers? 4. (16)

Commencing from the latter half of verse 34, Nityananda explains how the above
procedure can be extended to find subsequent Sines of half-arcs. By drawing a per-
pendicular bisector OC to the arc AS, a new Versine CD corresponding to half the
arc can be identified. Nityananda refers to this by the term avyakta-bana, unseen
Versine, literally: non-manifest Versine. With this avyaktabana, he then instructs
(verse 35) one to find the lateral, and thence, the square of the Sine of half the arc.

That is: p p
R — Vers <2> = Cos <2) , (17)

R? — Cos? (g) = Sin? (Z) . (18)

5 The term capakarna for this chord appears to be a novel term employed by Nityananda. As far

and

as we know, it does not appear earlier in the Sanskrit trigonometrical tradition.
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Now, in terms of the quantities derived above and the avyaktabana, the new
arc-hypotenuse, corresponding to the arc AC, K¢, is given by
2

AC=\/AD? + CD2,

6 6
_ a2 (Y 2 (Y
o = Sin <2> + Vers <2> (19)

This ICp is what is referred to by the term kodandakarna in verse 35. Half of this
2
produces the Sine of quarter the arc (g). This procedure can be repeated to produce

K

the Sines of subsequent half-arcs. Nityananda concludes this section (verse 36) by
summarizing the key relations that can be applied iteratively to obtain the Sines of
subsequent half-arcs. In modern notation, this amounts to:

D Vers; = Kj, (20)

and
K2 .
5 -, where 0;1 = % (21)

I11.4 Section Three: Determining the Sine of Double the Arc

Sin 91'4_1 =

Text and translation

Y TATTRR AT AT Al S gaTIa AT |

Now, in the third section, when the Sine of the arc is known, [the procedure to obtain]

the knowledge of the Sine of double the arc [is described].

SIS S ST ¥eh! e ST TTeTa N H T |
Tl EAT TR 7 TSTH SiaT SIT frg=maws 3 = 1l 30 || IRl

dorjyavargas caikabhajyavibhakto labdham vyasat patayec chesamitya |

labdham hatva tasya mulam yad aptam jiwa spasta dvighnacapasya sa syat || 37|||| $alini||
The quantity obtained by dividing the square of the Sine by the Sine of one sign should
be subtracted from the Diameter. Having multiplied the remainder by the quantity
obtained earlier [by the process of division, and taking] its square-root, whatever is

obtained, that is exactly the Sine of twice the given arc.

3 fardrea s wnfggsierestargemo: |

TETIHOR PSRN STRATATI TR¥AST =0 11 3¢ | Il g I
atra dvinighnistadhanurbhujajya syad dvighnakodandajacapakarnah |

cec capakarpasya krtir vibhakta vyasapramanena Saras tada syat || 38 || || indravajra ||

Now, twice the Sine of the desired arc is the arc-hypotenuse (capakarna) of double the
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arc. If the square of the arc-hypotenuse is divided by the measure of the Diameter, then

it is the Versine ($ara) [of double the arc].

O ARIES Y Id T AT [ gehiguesTehitesiar |

TR TUT T SrSaTeh e g a T TTd 11 3% |l [EssEll
banonitam vyasadalan ca yat syat sa dvighnakodandajakotijiva ||

tadvargahinas trigunasya vargo dorjyakrtir dvighnadhanurbhava syat || 39|||| indravajra ||
Whatever quantity is obtained by subtracting the Versine [of twice the arc] from the
Radius, that is the Cosine of twice [the arc] born out of the arc-hypotenuse. The square

of this removed from the square of the Radius is the square of the Sine of twice the arc.

FTBATTT FHideerd ud o Frotfaatetd: @ |

SRT: GAATORIOT: FHT: TSI ATgoRA Hm |l go || || ST IS I
avyaktamargena sudhir vidadhyat evam yatha banavivarjitah syat |

vyasah punar banagunah samanah prajayate bahugunasya krtya || 40 ||| bala upajatika ||
May the intelligent one, by employing algebra (avyakta), demonstrate how, by
subtracting the Versine from the Diameter, and again multiplying the Versine with that

result, it becomes equal to the square of the Sine.

Technical analysis

The third section deals with rules for determining the Sine of double the arc when the
Sine of the arc is known. In verse 37, Nityananda describes the following procedure.
First, one is instructed to find the product

Sin% 6 Sin%0
R X —r

D —
2 2

Then it is stated that the square-root of this gives the expression for the Sine of
double the arc. That is,

Sin% 0 Sin% 6
R R -

Sin 260 = D —

: (22)

2 2

The following verses demonstrate this claim from relations already known. In verse
38, Nityananda explicitly states that the arc-hypotenuse of double the arc is the
same as twice the Sine of the arc:

Kap = 2Sin 6. (23)

He then states that )
(Kap)

Vers 20 =
ers D

(24)



SCIAMVS 17 Sines in Nityananda 29

which is essentially the same as Equation (20). Nityananda then continues with
relations for double the arc in verse 39, namely

R — Vers 20 = Cos 20, (25)

R? — Cos? 20 = Sin? 20. (26)

In verse 40, Nityananda concludes the section by presenting the following trigono-
metric identity:
Sin? 26 = (D — Vers 26) - Vers 26, (27)

and leaves this as an exercise for the intelligent reader to apply ‘algebraic’ techniques
along with the necessary trigonometric principles to demonstrate the validity of
Equation (27). We presume he intended something like the following:

Sin?20 = R? — Cos® 20
= (R+ Cos20)(R — Cos 20)
= (D — Vers 26) Vers 20. (28)

Also from Equation (15), we have

(2Sin6)?  Sin?¢

R
D 2

Vers 20 = (29)

Using Equations (29) and (28) and taking the square-root, we get Equation (22),
which is the expression for the Sine of double the arc given in verse 37.

II1.5 Section Four: Determining the Sine of the Sum of Two Arcs

Text and translation

T IITHR T aR SToadi= A GATaT== |
Now, in the fourth section, when the Sines of two [individual] arcs are known, [the

procedure to obtain] the knowledge of the Sine of the sum of [those|] two arcs [is

described].
FTeRIfeHIeT 0T & SeETIEESy |
rsaiega a=t: g | araEiTs 1 g9 | (Rl

anyonyakotimaurvya gunite ye cestacapayor dorjye |

trijyoddhrte tayor yah yogah sa capayogajya || 41 || || arya ||
The Sines of the two desired arcs are mutually multiplied by the Cosines of the other
two; when divided by the Radius, whatever is sum of the two, that is the Sine of the

sum of the [two] arcs.
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ST | FRRICTINIA GTAT: 3T TR ST |
atropapattih | kakaradivarnopalaksitarekhabhih atra ksetravyavastha darsaniya |

Here, the demonstration. The construction of the geometrical figure is to be demon-

strated here by means of segments that are denoted by the letters beginning with ka.

FENTG TSy AvEs
T heheche ITIAd |
BE HATGAE AT foed 1l 92 I || 3R I

kakhagagham bhumitalesu mandalam

nakendrakam karkatakena sadhayet |

kacam cacham capayugam kanam canam

chanam kramad vyasadalatrayam likhet || 42 || || vamsastham ||
May one draw a circle [labeled] ka, kha, ga, gha with a compass on a flat surface, with
center [labeled] ria. [On that circle], may one mark two arcs [with pairs of letters] ka-ca

and ca-cha. [Then], sequentially, may one draw the three radii ka-ria, ca-ria and cha-ria.

<IoT BT AT Ssdh Hhe TS FHaed Iiad |

FE ATTGIANRIA: STHT he Sradad arradr | 93 1| Il ERY |
BeTselqTd ISanI<g

foEgHR ITOTHRYIT: |

I3 ere fafodws

Ty E e Rreafes 1 ¥ |l || ATET ITSTTcTaR I

cajam chajham capayugasya dorjyake karne cane lambavad eva patite |

kachasya capadvayayogasammiteh jyaka karie lambavad eva patita || 43 |||| vamsastham ||
chataj jhapatam canayogacihne

likhet takaram ganakapravipah |

sutram jhatakhyam vilikhec cajena

tulyapramanam khalu Silpasiddham || 44 || || mala upajatika ||
The two Sines corresponding to the two arcs, [denoted by| ca-ja, and cha-jha are
dropped as perpendiculars onto [the radii] ka-ria and ca-ria. [Wherever]| the Sine
corresponding to the sum of the two arcs, ka-cha falls perpendicularly on ka-ria, may
one write the letter ta. May the skillful mathematician draw the line denoted by jha-ta
from [the tip ta of] cha-ta meeting the point of intersection jha with ca-1a.'® [That
this segment jha-ta] will be equal to the measure of ca-ja is ascertained by geometrical

construction ($ilpa).

16 Here, the prose order is: SISl e (IF) FEALT Tl (@) THR foEd | Bed g G
TATAESANTg STOTRTaIT: [afored | (Tag) T+ geas ot 2f) RreafRes |
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BE RTATTHS ISl &

eI ST |

EEERRER L)

quiifgd aegaonts Fmd 1l ¢4 1| || TAT ISTITeRT |l

chatam dhara jhatajhache bhujau dvau

mahatrikone jhatasamjnialambah |

tryasratrayam tatra samiksyamanam

varpankitam tacchravanadi cintyam || 45 || || mala upajatika ||
In the big triangle, cha-ta forms the base, jha-fa and jha-cha are the two sides and [the
segment denoted by] jha-ta forms the perpendicular. The three triangles that are clearly
identified there, are marked with letters (varpa). Their hypotenuses and so on (i.e.,

the uprights and laterals) are to be [now] carefully considered [for identifying similarity.]

&Qld‘-qu"SﬂGiNHH‘il
TATHRIT o ada
qArSTAT: R || ¢5 |l || gfesy: I Il

tryasram jhatatam chanajhasvarupam

chajhatam anyan nacajopamanam |

trtiyam anyat jhathatam tathaiva

tato 'nupatah parikalpaniyah || 46 || || buddhih upajatika ||
The triangle jha-ta-ta is similar to cha-ria-jha. The other [triangle] cha-jha-ta is similar
to 7nia-ca-ja. The third one, jha-tha-ta, is also [similar to 7ia-ca-ja]. From these [triangles],

the rule-of-three is to be employed.

F B = HSIAHIC:

ST I deaaH |

L

T Yl TSI
T B P aaT B T 11 99 I || T 3YSTTTenT |l

karne chane cet jhanatulyakotih

jhatasrutau kasti tatan tadanim |

cane Srutau cej janatulyakotih

karne chajhe kasti tada chatam sa || 47 || || maya upajatika ||
When the hypotenuse is cha-ria, the lateral (koti) is equal to jha-ria. If it were to be
asked what [the lateral] is when the hypotenuse is jha-ta, then it is ta-fa. When the
hypotenuse is ca-ria, then the lateral (koti) is ja-ria. If it were to be asked what [the

lateral] is when the hypotenuse is cha-jha, then it is cha-ta.

T AT GFawg T ST AT SIS <47 |
MR ve q [T AT aaraunifear g=a 11 9¢ |l Il =g Il

ya kotiyugmasya yutis tu saiva jya capayogasya chatabhidha jya |

31
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capaikyakhandasya tu singing ya tatropapattir gadita puraiva || 48 || || indravajra ||
Whatever is the sum of the two laterals (kotf7), that indeed gives the Sine of the sum

of the [two] arcs, called cha-fa. And the rationale (upapatti) for finding the Chord

Technical analysis

In section four, Nityananda sets out the following rule for the Sine of the sum of two
arcs in verse 41 in arya meter:

Sin 6 Cos ¢ n Cos 0 Sin ¢

Sin(0 + ¢) = 7 7

(30)

In the subsequent six verses, he demonstrates diagrammatically how this relation
can be arrived at by simply considering the similarity of triangles involved in the
construction and the application of the rule-of-three. What is interesting to note
here is Nityananda’s detailed description of how to construct a lettered diagram. As
far as we are aware, this is the first Sanskrit astronomical treatise that gives such a
prescription in the form of verses as to how to go about constructing geometrical fig-
ures with appropriate legends that facilitate the identification of various geometrical
objects, directed at proving the result.

As for the prescription, a circle is to be drawn with a compass and four labels
given, ka, kha, ga, gha.'” These four consonants have to be placed at the four cardinal
directions as per the convention. Although Nityananda has not explicitly mentioned
it here, it can be inferred from the description found in verse 20. The center is to be
labeled 7ia. Then arcs and their related Sines are identified by lettered points.

The diagram as it appears in one of the manuscripts can be seen in Figure 6.'%
A better version to facilitate comprehension is given in Figure 7. In this figure, ka-
ca and ca-cha represent the two arcs, the sum of whose Sine is to be determined.
For convenience, we have denoted these two arcs to be subtending an angle 6 and ¢

17 These are the first four consonants in the Sanskrit alphabet. We have opted to retain these
as the lettered points in our technical analysis so that there is continuity between that and the
translation. In general, letters with a diacritical dot underneath are the retroflex phonetic value. na
is the guttural nasal.

8 In this diagram, the scribe has marked both ca-ja and jha-ta with the letter bhu, an abbreviation
for the Sanskrit word bhuja (“Sine”). While the former is indeed a bhuja, the latter is not. This is
clearly a scribal error, which is evident from the description in the text. It also appears that the
base, cha-ta, of the triangle cha-ta-jha has been described as prthvi (“base”) which is a common
technical term in mathematics to describe the base of a triangle. There is one additional problem
with the diagram. The scribe has imperfectly rendered the letter fa, making it look more like a tha.

However the mathematical verses make it clear that the reading tfa is the correct one.
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Figure 6: The rendering of the diagram in manuscript R (f. 12r) for the Sine of the
sums of arcs.

respectively at the center of the circle, denoted by 7a. It is evident from the triangles,
ca-na-jo and cha-ra-jha that ca-ja is Sin 6 and cha-jha is Sin ¢. The Sine of the sum
of the two arcs, Sin(6 + ¢), is cha-ta. Since

cha-ta = cha-ta + ta-ta, (31)

in a sense then, the proof of Equation (30) rests on showing that the two line
segments appearing in the right hand side of Equation (31) correspond to the two
terms in the right hand side of Equation (30).

Nityananda next draws our attention to the oblique triangle jha-ta-cha (verse 45)
and then asks us to draw jha-ta such that it is perpendicular to cha-ta. Two right-
angled triangles, jha-ta-ta and jha-cha-ta are formed, which will be made use of in
identifying similar triangles. The one crucial equality that the proof of Equation (31)
rests on is that

jha-ta = ca-ja, (32)

which is stated in verse 44 but not proved at this point by Nityananda. Although
the text does not explicitly show in this section how the measure of jha-ta is equal
to ca-ja (= Sin#), it can be easily understood as follows. The triangles cha-ria-jha
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Figure 7: The geometrical construction for finding the Sine of the sum of the two

arcs. Here it may be noted:

ca-ja = jha-ta
cha-jha

cha-na = na-ca

jha-pa = ta-ta

Sin 8

Sin ¢

R

Sin g Cos ¢
R

na-ja
jha-na
cha-ta

jha-ta

Cos#
Cos ¢

Sin(6 + ¢)

R

and jha-ta-pa are similar.'® Hence,

or

is equal to ¢. Hence, jha-ta is SinT

Jha-pa _ jha-na

ca-ja

jha-pa =

0Sin ¢

cha-na’

Sin # Cos ¢

(33)

(34)

Then, since jha-pa is equal to ta-ta it straightaway follows that the angle ta-ta-jha
. Now considering the triangle jha-ta-ta and

19 We have taken the liberty of added the point pa, though it has not been given by Nityananda,

such that jha-pa is equal to ta-fa and its measure is more obviously derived from similar triangles.
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applying the Pythagorean theorem:

jha-ta = \/(jha—ta)2 + (ta-ta)?

= \/(jha—ta)2 + (jha-pa)?

_|(Sinf#Sin¢\*  (Sinf#Cose\>
() ()
B \/Sin20(cos2¢+sm2¢)

RQ
= Siné. (35)

This equality is also demonstrated by means of a geometrical construction a little
later (see section III.7).

In verses 46-47, Nityananda identifies pairs of similar triangles, and expresses the
appropriate rule-of-threes for each one to find the desired segments, ta-ta and cha-ta.
Firstly, he states triangle jha-ta-ta is similar to triangle cha-ra-jha.?° This leads to
the following rule-of-three between the hypotenuses (karna) and the laterals (koti)

tryasra ‘ karna koti
cha-na-jha | cha-na ::  jha-na
jha-ta-ta jha-ta  :  ta-ta

so that the desired lateral, ta-ta can be expressed as:

jha-nia x jha-ta
ta-ta = ——mM8—
’ cha-na

~ Cos¢ x Sinf
I —

Then, Nityananda states cha-jha-ta is similar to 7a-ca-ja.?! This leads to the

(36)

following rule-of-three (anupata) between the hypotenuses (karna) and the laterals
(koti) of these triangles, namely

tryasra ‘ karna koti
na-ca-ja na-ca T na-ja
cha-jha-ta | cha-jha :: cha-ta

20 As discussed above, this is because angle ¢ is common to both triangles. Without making any
assumptions on the length of the segment jha-ta or the angle which the segment makes with cha-ta,
considering the two triangles ca-1a-ja and jha-ria-pa, and applying the rule-of-three, it is easy to
see that jha-pa is equal to W. Similarly, it can be seen from the triangle cha-jha-ta that
jha-ta is equal to W. Since the two sides are products of sin¢ and cos ¢ with the same
multiplicative factor, the angle that jha-ta makes with ta-ta has to be ¢.

21 This is because angle @ is common to both triangles. He also indicates that one more triangle

jha-tha-ta is similar to cha-jha-ta, which is not made use of in the derivation.
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so that the desired lateral, cha-ta can be expressed as:

na-ja - cha-jha
cha-ta = ———
na-ca

~ Cos@-Sin¢

. (37

The sum of Equations (36) and (37) yields the desired result (the Sine of the sum
of two arcs):

cha-ta = cha-ta + ta-ta
Sin® Cosf  Cos¢Sind

Sin(0 + ¢) = 7 7

(38)
as required.

I11.6 Section Five: Determining the Sine of the Difference of Two
Arcs

Text and translation

T TAYRR TIE I STsFa AT A=A |

Now, in the fifth section, when the Sines of two [independent] arcs are known, [the proce-

dure to obtain] the knowledge of the Sine of the difference of the [two] arcs [is described].

STt et P A e |

Freateg aarar e AT ardfeeRsa | €3 | [ el
anyonyakotimaurvya gunite ye cestacapayor dorjye |

trijyoddhrte tayor ya viyutih sa capavivarajya || 49 || || arya ||
The Sines of the two desired arcs are mutually multiplied by the Cosines of the other
arcs; when divided by the Radius, whatever is the difference of the two, that is the Sine

of the difference of the [two] arcs.

ST |
atropapattif |

Here, the demonstration.

Teed: ot 59 7Y

e HEMETIIT =gl e |

Yoo de-ATqHIeSt [

TaAa AR 1l o i || ST |l
brhaddhanuh kamchamitam chacam laghu

chatam mahacapagunam cajham laghoh |
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prakalpya tadvan matimams cajam likhet

dhanurdvayantargatacapasiijinim || 50 || || vamsastham ||
The measure of the large arc is ka-cha and the short one is cha-ca. Having set out
cha-ta, the Sine (guna) of the large arc, and ca-jha, the one corresponding to the smaller
[arc], may the intelligent one in a similar manner draw ca-ja which is the Sine of the
arc that lies inside (i.e., is the difference of) the two arcs.

e a7 ATt fafraga

T IR SHIHAIT F9 ||

ST st 9T T

FraTeHs IREFaAgY: 1149 |l || T2 1|

chatam sada jajhamitam vicintayet

jhatham param lambakam anayet karie ||
jathajhasamjniam tribhujam yatha tatha
jhacanasamjiiam paricintayed budhah || 51 || || vamsastham ||
May one conceive of cha-ta as always equal in measure with ja-jha. Then, may one drop
the perpendicular jha-tha onto ka-7ia. May the intelligent one conceive of the triangle

denoted by ja-tha-jha to be similar to jha-ca-na.

SITSTYAT W e dar 69 |

Tq I Tt e g g

R o I FATHOR 1 4R | || SRT=ATrHaRT I
karne cane yadi jhanapramitasti kotih

jhajasrutau bhavati kotir iyam tada kim |

evam bhavet jhathamitam kila sutrakam hi

trairasikena ca vadamsi jhatapramanam || 52 || || vasantatilaka ||
When ca-nia is the hypotenuse, then the lateral (koti) is jha-ria. When the hy-
potenuse is jha-ja, what then is this lateral? The string whose measure is jha-tha will be

indeed be [the lateral]. And [now], by means of a rule-of-three, I state the measure jha-ta.

o ar grTeytad ot |
Sl TGS HITCHT
T B T a1 43 1l || T TS |

tryasram jhacatam chatanopamanam

kim va jhathanapramitam vicintyam |
chanasrutau cet tanakotimanam

cajhasrutau kasti jhatam tadanim || 53 || || rama upajatika ||

37
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The triangle jha-ca-ta is similar to cha-ta-ria, and*?> what that would be with respect
to jha-tha-na is to be thought over. When the hypotenuse is cha-1a, the measure of the
lateral (koti) is ta-ia. If it were to be asked what is the lateral when the hypotenuse is

ca-jha, then it is jha-ta.

ERUECEERERERERHEEBIEREECE]

TS AT ARATTSIET A -GehT TOTRYETor: || 4% || || ATeST =TT I
jhatonitam cej jhathasamjnasutram tada bhavec cajasamam sadaiva |

esaiva capantaramanajiva purvair nirukta ganakapravinaih || 54 || || mala upajatika ||
When the segment denoted by jha-tha is decreased by jha-ta, then [the difference]
is always equal to ca-ja. This indeed is stated to be the Sine of the measure of the

difference of the [two] arcs by the mathematical experts (ganakapravina) of the past.

Technical analysis

Nityananda sets out the following rule for the Sine of the difference of two arcs:

Sin 6 Cos ¢ B Cos 0 Sin ¢
R R ’

Sin(0 — ¢) = (39)
again in a single verse, as was done in the case of the sum of the two arcs. It is
noteworthy that verses 41 and 49 are almost identical but for the word yoga (“sum”)
in the former verse replaced by the word viyuti/vivara (“difference”) in the latter.?3

The diagram as it appears in one of the manuscripts can be seen in Figure 8. A
better version to facilitate comprehension is given in Figure 9. In this figure, ka-cha
and ca-cha represent the two arcs, the Sine of whose difference is to be determined.
For convenience, we have denoted these two arcs to be subtending an angle 6 and
¢ respectively at the center of the circle, denoted by 7ra. It is evident from the
triangles, cha-na-ta and ca-ria-jha that cha-ta is Sin € and ca-jha is Sin ¢. The Sine
of the difference of the two arcs, Sin(6 — ¢), is ca-ja. Since,

ca-ja = jha-tha — jha-ta, (40)

in a sense then, the proof of Equation (39) rests on showing that the two segments
appearing in right hand side of Equation (40) correspond to the two terms in the
right hand side of Equation (39).

22 wa, ‘or’ is translated as its less common meaning ‘and’ Such uses made to satisfy metrical

requirements are generally clarified in the commentaries.
23 This of course should be of no surprise, since the only change that needs to be done in the

formula is to replace the operation of addition by subtraction.
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Figure 8: The rendering of the diagram in manuscript R (f. 12v) for the Sine of the
difference of arcs.

As with the Sine of the sum formula, one crucial equivalence that this proof rests
on is that
ja-jha = cha-ta, (41)

which is stated in verse 51 but not proved at this point by Nityananda. However,
the equivalence can be understood as follows. Consider the triangle jha-ca-ta.?* In
this triangle, the hypotenuse ca-jha is equal to Sin ¢ and the angle ca-jha-ta is equal
to 6. Now the projection of the hypotenuse along the horizontal is given by

Sin ¢ Sin 0

- (42)

ca-ta = Sin ¢ sinf =
Considering the triangle, jha-ria-ta, since jha-ria= Cos ¢, its projection along the

vertical is given by
Cos ¢ Sin 6

R
Since, ca-ta is equal to ja-tha, in the triangle jha-tha-ja, the two sides are known.

jha-tha = Cos ¢ sin ) = (43)

24 Tt may be mentioned here that though Nityananda meticulously takes care to prescribe how the
various points have to be identified in the geometrical construction, with reference to the point ta he
has not explicitly mentioned where it has to be marked. However it is implicit form the prescription

given in verse 52.
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ha tha ta ja

Figure 9: The geometrical construction for finding the Sine of the difference of the

two arcs. Here it may be noted:

cha-ta = ja-jha  Sin@ ta-na Cos 6
ca-jha Sin ¢ jha-1ia  Cos ¢
cha-na = ca-na R ca-ja Sin(6 — ¢)
tha-jo = ca-ta ~ SnE5ne GRS in¢ jha-tha ~SneCosé GRC os ¢

Using Equations (42) and (43), and applying the Pythagorean theorem:

jha-ja = \/(jha—tha)2 + (tha-ja)?

= \/(jha—tha)2 + (ca-ta)?

_|(SinfCosd\*  (SinfSing\>
() ()
_ \/Sin29(0082¢+81n2¢)

R2
= Siné. (44)
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This equivalence shown here analytically, is carefully demonstrated by means of an
interesting geometrical construction a little later in the text itself (see section II1.7).

In verses 52-54, Nityananda identifies pairs of similar triangles, and expresses
the appropriate rule-of-threes for each one to find the desired segments, jha-tha and
jha-ta. Firstly, he states triangle ja-tha-jha is similar to triangle ca-jha-ra.?® This
leads to the following rule-of-three between the hypotenuses (karna) and the laterals
(oti)

tryasra ‘ karna koti
ca-jha-na | ca-na 2 jha-na
ja-tha-jha | jha-ja ::  jha-tha

so that the desired lateral, jha-tha can be expressed as:

ihatha — jha-na X jha-ja
ca-na

~ Cos ¢ x Sinf
R —

Then Nityananda states ca-jha-ta is similar to rna-cha-ta. He also points out that

(45)

the triangle jha-tha-ra is also similar to the triangles mentioned above. This leads to
the following rule-of-three between the hypotenuses (karpa) and the laterals (koti)
of the first two of these triangles, namely:

tryasra ‘ karna koti
na-cha-ta | na-cha :: na-ta
ca-jha-ta | ca-jha i jha-ta

so that the desired lateral, jha-ta can be expressed as:

ot na-ta x ca-jha
o-ta = —————
J na-cha

~ Cosf-Sin¢
D —
The difference of Equations (45) and (46) yields the desired result (the Sine of

the difference of two arcs):

(46)

ca-ja = jha-tha — jha-ta
Cos ¢ Sin 0 B Sin ¢ Cos 6
R R

Sin(6 — ¢) = (47)

as required.

25 As discussed above, this is because angle ¢ is common to both triangles. Without making any
assumptions on the length of the segment jha-ja or the angle which the segment makes with jha-tha,
considering the two triangles cha-na-ta and jha-na-tha, and applying the rule-of-three, it is easy to
see that jha-tha is equal to W. Similarly, it can be seen from the triangle jha-ca-ta that
ca-ta (=ja-tha) is equal to W. Since the two sides are products of sin ¢ and cos ¢ with the

same multiplicative factor, the angle that jha-ja makes with jha-tha has to be ¢.
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II1.7 Demonstration of Equivalences by Geometrical Construction

Text and translation

Y IRTFT R easn o |
atha prasangat kincicchilpakathanam |

Now, in this context, a bit of description of geometrical constructions ($ilpa) [are

described].

Hehaeh T STETHT AT deaTIaTgeh $eal |

FTERE SHIVT AT 31 IMeefea=Rd 3@ |l 4y |l 11 STfe 1l
karkatakena jatabhyam timina tulyatribahukam krtva |

bahir iha kone dhrtva gam gaj jatadik prasarite rekhe || 55 || || giti ||
By means of a compass, with points ja and ta [as centers], by means of a fish-figure,°
having constructed an equilateral triangle (tulyatribahuka), having placed [the letter] ga
here at the exterior vertex, [may one draw] two lines extended from ga in the direction

of ja and ta.

STEATATHAT gt 9o g Fard |

T yRAIRAr a7 s i 1l ug i [E=sEal
Tl IARE TS HUgS AT U |

e ez YT YR 14 i [EiEal
T fa=r & 9ot eqamardst g : |

ERERICGOEEEEEICE et A [E=eal

jacavyasardhamanena vrttam yatra sprset kvacit |

rekham prasaritam tatra dakaram vilikhed budhah || 56 || || sloka ||
gadavistarakhandena mandalam sadhayet param |

tac capi samspried yatra rekham anyam prasaritam || 57 || || Sloka ||
tatra vinyasya dam varnam tadavyasardhajam punal |

vrttam kuryat tatas tadam tajham jacam jadam samam || 58 || || $loka ||
Wherever the circle, [drawn with center ja and] with radius ja-ca, touches the extended
line (i.e., the one through ja), may one write there (i.e., at that intersection of the
circle and the straight line) the letter da. Then, [with ga as center and] with radius
(vistarakhanda) ga-da, may the intelligent one (budha) draw a circle, and wherever it
touches the other extended line, there having placed the letter da, once again may one
draw a circle with fa-da as radius. Thence, [it may be noted that] ta-da ta-jha, ja-ca

and ja-da are equal [in measure].

26 The phrase ‘fish-figure’ refers to the fish-like shape produced from a pair of arcs intersecting at
two points, creating, in effect, an elongated almond-shaped body, and a fin-like tail emerging at

either end.
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=TTy TevErEt SR |

FedT1 TS SIS FATGUR RIRT 1l 4R I [ecucal
vivarajyanayanartham tacharekhakhyam jacasthane |

krtva tadam jadam kuryad aparam puroktyaiva || 59 || || udgiti ||
For the sake of computing the Sine of the difference [of two arcs], having substituted
the segment ja-ca with ta-cha, one should draw [circles with radii] ta-da and ja-da. The

rest [is to be completed] as described earlier.

ST TR AT 5T ST €6 <€ o= a1 |
atrapi catvari sutrani jadam jajham tacham tadam tulyani jreyans |
Here also, the equivalence of the four segments ja-da, ja-jha, ta-cha and ta-da is to be

understood.

Technical analysis

In this section, Nityananda presents two geometrical constructions in order to
demonstrate Equations (32) and (41), which were taken to be true during the proofs
for the Sine of sum and difference formulae discussed in sections four and five. In our
technical analysis, we showed how these results can be arrived at analytically. Here,
Nityananda presents a novel geometrical construction by which one can convince
oneself diagrammatically that in the former case the measure of jha-ta is equal to
ca-ja and in the latter case that cha-ta is equal to ja-jha (see Figures 7 and 9).

In our attempt to understand this demonstration, the constructions that have
been attempted by the scribe in RORI (see Figure 10) were found to be quite useful.
Reproductions of them can be seen in Figures 11 and 12.

For the Sine of the sum case, Nityananda first instructs the reader to draw an
equilateral triangle on the base ja-ta. This figure is generated by drawing arcs with
ja and ta as center and radius equal to ja-fa. The point at which these arcs inter-
sect outside the diagram is taken to be ga. Now, by construction, ja-ta-ga forms
an equilateral triangle with ga as the external vertex of the triangle. Then, hav-
ing constructed this triangle, Nityananda instructs that the two oblique sides of
this equilateral triangle, ga-ja and ga-ta, be sufficiently extended from ga along the
directions ja and ta.

Next, one should draw a circle with ja as center and ja-ca as radius. This circle
intersects the extension of ga-ja at da. With ga as center and ga-da as radius, an
arc has to be drawn such that it intersects the extension of ga-ta at point da (only
part of this circle is represented in Figure 11 by the dash-dot-dash arc). Then with
ta as center and ta-da as radius another circle should be drawn. It will now be noted
that this circle passes through the point jha. Since, by construction, ja-ca = ta-da,
and since the circle with radius ta-da passes through the point jha, ja-ca = jha-ta,
which was what was needed to be shown in Equation (32). It may be reiterated here
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44

Figure 10: The rendering of the geometrical constructions in manuscript R (f.13r) for showing the equivalence of sum and
difference segments.
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cha

na

Figure 11: A reproduction of the geometrical construction to show that the measure
of ja-ca is equal to that of {a-jha.

that this geometrical construction is meant only to demonstrate the equivalence of
the two segments in question, which is not straightforward by similarity of triangles.
However, Nityananda as silpasiddham in verse 44 refers to the fact that one can
easily convince oneself of this equivalence by passing the compass through the point
in question.

Having explained this construction in great detail for the Sines of sums, Nitya-
nanda gives pointers as to how a similar geometrical construction can be used for
the Sines of differences (verse 59). Here too we first construct the equilateral triangle
ga-ja-ta, and then extend the lines ga-ja and ga-ta, as earlier. Now with fa as center
and ta-cha as radius, we draw a circle which intersects the extension ga-ta at da.
Then with ga as center and ga-da as radius, we draw an arc which intersects the
extenion ga-ja at da. Next, with ja as center and ja-da as radius we draw a circle
which intersects cha-7ia at jha. Since, by construction, ta-da = ja-da, and since the
circle with radius ja-da passes through the point jha, ja-jha = ta-cha, which was
what was needed to be shown in Equation (41).
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Figure 12: A reproduction of the geometrical construction to show that the measure

of ta-cha is equal to that of ja-jha.
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IV Appendix: Note on the Different Meters Employed
by Nityananda

In this appendix, we present a brief note on the different meters that have been
employed by Nityananda in the verses discussed in this paper. In classical Sanskrit
prosody, there are two main metrical classes: the matravrttas and the varnavrttas.
While matravrttas are identified by the morae count, the varnpavrttas are identified
by the syllable count. In both cases, a short syllable (laghu) is counted to be one
matra and a long one (guru) two.

In what follows, we present a mnemonic (source unknown) that is useful to define,
as well as identify, the different metrical patterns (ganas, that is a group of three
syllables). We also denote it using the notation U and —, representing short and long
syllables respectively.?”

I H d XM ST 9T 9 9 o M

va ma ta ra ja bha na sa la gam

U — - — U — U Uy u —
This mnemonic is self-descriptive, in that the syllables of each gana represent its own
syllable length (laghu or guru) and the two immediately following it. Thus ya—gana
is U — —, ma—gana is — — —, and so on.

IV.1 Summary of the Meters Employed

In this paper, we have discussed the mathematical contents of 41 verses (Chapter 3,
19-59) of the Sarvasiddhantaraja. These verses have been composed by Nityananda
using ten different meters. Table 4 below presents the names of the different meters
that he used along with its type (matravrtta or varpavrtta), the number of verses
composed in it, and so on.

IV.2 The Matravrttas Used and their Definitions

The metrical compositions in Sanskrit consist of four quarters. If all the four quarters
are identical they are known as samavrttas. If only two are identical, they are called
ardhasamavrtta. If neither of the above, they are called visamavrtta. We move on to
provide the definitions of the three matravrttas used by Nityananda.

Arya — This consists of 12, 18, 12, and 15 matras in the four quarters respectively.
It is defined in the following verse, composed in the same meter.?®

T UTS TIH ST SR AT JAF s |

27 In addition, the notation U indicates that the syllable can be either short or long.

28 This is true of all the other definitions presented henceforth as well.



48 Montelle, Ramasubramanian and Dhammaloka SCIAMVS 17

No. Name of Type of Number of Verse
the meter the meter | morae/syllables | numbers
1 Arya Matravrtta | 12, 18,12, 15 | 41, 49
2 Udgiti 7 12, 15, 12, 18 | 59
3 Giti 7 12, 18, 12,18 | 55
4 Sloka Varnavrtta 8 28, 29, 30, 56, 57, 58
5 Indravajra ” 11 26, 31, 38, 39, 48
19, 20, 21, 22, 23, 25,
6 Upajatika 7 11 27, 32, 34, 35, 36, 40,
44, 45, 46, 47, 53, 54
7 | Bhujangaprayata ” 12 24
8 Vamsastha 7 12 42, 43, 50, 51
9 Vasantatilaka ” 14 52
10 Salini ” 11 33, 37
Table 4: Meters employed by Nityananda in the trigonometry sections of the Sar-
vasiddhantaraja.
ST el Tgeer AT ||

yasyah pade prathame dvadasamatras tatha trtiye 'pi |

astadasadvitiye caturthake paficadasa sarya || (Srutabodha 1894, p. 2)

Giti — This differs from arye in one quarter only. Here, the number of matras in
the fourth quarter is 18 instead of 15. Thus, giti meter has 12, 18, 12, and 18
matras in the four quarters respectively and its definition is:

raTgaTdaH Tt wafa o= grd |
BaIagRda e aT SHdaTfor e ||
aryapurvardhasamam dvittyam api bhavati yatra hamsagate |

chandovidas tadanim gitim tam amrtavani bhasante || (Srutabodha 1894, p. 3)

Udgiti — This is obtained by simply reversing the pattern of the first and second
half of the arya. Thus, udgiti has 12, 15, 12, and 18 matras respectively in its
four quarters. Its definition is:

AR e AR WoIg TAT: |
TrITer: fohes RI¥aT dgarizrdesigm ||
aryasakaladvitayam vyatyayaracitam bhaved yasyah |

sodgitih kila kathita tadvad yatyamsabhedasamyukta || ( Vrttaratnakara 1894, p. 33)
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IV.3 The Varnavrttas Used and their Definitions

As indicated in the table above, Nityananda has used seven different varnavrttas.
These are $loka, indravajra, upajatika, bhujangaprayata, vamsastha, vasantatilaka,
and salini. Among them, $loka has 8 syllables per quarter, and indravajra, upajatika,
and Salini belong to the tristubh chandas with 11 syllables. The bhujangaprayata,
and vamdéastha belong to the jagati chandas with 12 syllables, and wvasantatilaka
belongs to the sakvari chandas which has 14 syllables.

Sloka — This is the most generic type of meter, called sloka, in anustubh chandas.
It is defined as:

ik Y [Se g A ST |
S HEA G HEH STH=aT: ||
Sloke sastham gurujiieyam sarvatra laghuparicamam |

dvicatuspadayor hrasvam saptamam dirghamanyayoh || (Srutabodha 1894, p. 5)

As per this definition, the general characteristic of §loka meter is:

e The fifth syllable in all the quarters has to be short and the sixth one has
to be long.

e The seventh syllable in the second and the fourth quarters has to be short,
whereas it has to be long in the other two quarters.

e There is no restriction on the nature of the other syllables.

Hence it may be represented as:

IC IC
IC IC
IC IC
IC IC

C

[

|
IC IC
IC IC
IC IC
IC IC
IC IC
IC IC

Indravajra — This is in tristubh chandas having 11 syllables per quarter. The 11
syllables are made up of two ta—ganas, one ja—gana, and two gurus. It is defined
as:

g aST At ot SHIT: |

syad indravajra yadi tau jagau gah | (Vrttaratnakara 1894, p. 42)
——U,——-UU—-U,——

Upajatika — This is obtained by combining indravajra and upendravajra, both of
which are in tristubh chandas, having 11 syllables in each quarter. It is defined
as:
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T RIS R AG SIS ITeT TS AT ISITaaRaT: |

T ThasTmRaty fafSrag wRfea fafsress 7 |
anantarodiritalaksmabhajou padau

yadiyav upajatayas tah |

ittham kilanyasv api misritasu

smaranti jatisvidam eva nama || (Vrttaratnakara 1894, pp. 42-43)

In this verse, the compound ‘anantarodiritalaksmabhajau’ means ‘that which
possesses the characteristic of the immediately preceding ones. It is indravajra
(I) and upendravajra (U) whose definition appears before this verse in Vrt-
taratnakara. Since upajatika can arise from any of the possible combinations
of the two, there are 14 possibilities? that can be produced, as shown in the
following table:

No. Quarter Name of the meter | Verse numbers
1st 2nd 3rd 4th
1 vu| I 1 I | Kurti upajatika 23
2 1 U | I I | Vani upajatika 34
3 vl U | I I | Mala upajatika 44, 45, 54
4 1 1 U | I | Sala upajatika 22,25
5 Uv| I U | I | Hamsi upajatika 32
6 1 U U | I | Maya upajatika 21,47
7 v| U U | I | Jaya upajatika 35
8 1 I I U | Bala upajatika 27, 36, 40
9 Ul I I | U | Adra upajatika -
10 1 U 1 U | Bhadra upajatika 20
11 uv| U 1 U | Prema upajatika -
12 1 1 U | U | Rama upajatika 19, 53
3|0 | I U | U | Rddhi upajatika -
14 | 1 U U | U | Buddhi upajatika 46

Salint — This meter too has 11 syllables in every quarter, each of which is made up
of a ma—gana, two ta—ganas followed by two gurus. It is defined as:

TNTS=IhT =T T I sT&resTeh: |

Salinyukta mtau tagau go’bdhilokaih | (Vritaratnakara 1894, p. 43)

29 The two special cases in which all the four quarters are either U or I have been left out from

the table.
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Bhujangaprayata — This meter has 12 syllables in every quarter, each of which is
made up of four repeated occurrences of the ya—gana. It is defined as:

STEvaTd Taared: |
bhujarigaprayatam bhaved yais caturbhih | (Vrttaratnakara 1894, pp. 44-45)
U-—U——U-—U=—

Vamsastha — This meter has 12 syllables in every quarter, each of which is made
up of a ja—gana, a ta—gana, a ja—gana, and a ra—gana. It is defined as:

STt g e i |
jatau tu vamsastham udiritam jarau | (Vrttaratnakara 1894, p. 44)

U-—U,——UU—-U,—U~—

Vasantatilaka — This meter has 14 syllables in every quarter, each of which is
made up from a ta—gana, a bha—gana, two ja—ganas, and two guru syllables. It
is the longest meter employed by Nityananda in this section and it is used only
once. It is defined as:

ST TE=AT BRI AT ST T: |

ukta vasantatilaka tabhaja jagau gah | (Vrttaratnakara 1894, p. 47)
——U,—UUU-U,U—U,——
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