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Abstract

The Ma’khudhat mansuba ila Arshimidis (Liber Assumptorum) is a treatise in plane
geometry that is attributed to Archimedes. So far, it has been known through an edition
due to Nagir al-Din al-Tust, but there exists an earlier Arabic translation made by
Thabit ibn Qurra. This article provides a critical edition of this Arabic text, along with

an English translation.

I Introduction

The Ma’khudhat mansuba ila Arshimidis (also known as Liber Assumptorum in mod-
ern editions of Archimedes’ works) is an Arabic translation of a treatise that consists
of fifteen propositions in plane geometry, without any discernible order, attributed
to Archimedes. It partly survives in a risala of Abu SaTd Ahmad ibn Muhammad
ibn ‘Abd al-Jalil al-Sijz1 (ca. 945-1020 CE), who quotes some of the propositions
verbatim; this risala survives in a single manuscript, Arabe 2458 of the Bibliotheque
Nationale de France (Paris).! There also exists a tahrir of Nasir al-Din al-Taust (597
672 AH/1201-1274 cE), which later became the basis of two Latin translations, one
by John Greaves (1659), the other by Ibrahim al-Haqilant (d. 1664 CE, known as
“Abrahamus Ecchelensis” in Latin sources) (1661, 377-415),2 and the modern edi-
tions. Al-Tust’s tahrir is part of his tahrir of the Mutawassitat (“Middle Works”),
which survives in numerous manuscripts. Versions of the Ma’khudhat prior to al-
Tist’s tahrir were thought to be lost;? even though al-Sijz1’s risala has been known
for quite some time.* However, it turns out that the Makhudhat is contained in
its entirety in the manuscript Fatih 3414 of the Siilleymaniye Manuscript Library

! Rosenfeld and Thsanoglu (2003, 111) list another manuscript, Chester Beatty 3652/8 (Dublin), for
this risala. Upon examination of this manuscript, however, I have found that it contains a different
treatise by al-Sijzi, titled Jawab Ahmad ibn Muhammad ibn ‘Abd al-Jalil ‘an masa’il handasiyya
swila ‘anhu ahl Khurasan.

2 On Ibrahim al-HagilanT, see Brock et al. (2011), s.v. “Al-Haqilani, Tbrahtm.”

3 See, for example, the remark by Hogendijk (2014, 260, n. 3).

% As far as I know, Sédillot (1837) was the first to study this risala, if only briefly. He translated

part of its introduction and provided summaries of the propositions.
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(Istanbul). This manuscript has already attracted scholarly attention due to the
fact that it contains Arabic translations of Archimedes’ On the Measurement of the
Circle, On the Sphere and the Cylinder, and Eutocius’ (fl. 6th c. CE) commentary to
On the Sphere and the Cylinder, but the existence of the Ma’khudhat in it has gone
unnoticed.’ The purpose of this article is to give a critical edition of the Ma’khudhat
mansuba ila Arshimidis together with an English translation.

I.1 The Author and the Translator of the Mda’'khudhat

There are two transliterated Greek words appearing in the Ma’khudhat; it is therefore
obvious that at least parts, and possibly the whole, of the treatise were originally
composed in Greek. These two words are arbelos (71.11 and 72.11), from Greek
dppnAog (“semicircular knife”), and salinon (86.7 and 87.6), from Greek odAwvov,
a borrowing from Latin salinum (“salt-cellar”).% Despite this, there is nothing in
Greek sources that refers directly to any treatise that could be the source of the
Ma’khudhat. As to the immediate source that was used for the Arabic translation,
it could be either a Greek or a Syriac version.

The title of the work attributes the Ma’khudhat to Archimedes. There are, how-
ever, problems with this attribution. First, as has already been noted many times,
Archimedes’ name appears in the treatise twice, which makes it impossible that the
treatise we have in its current form is from his pen.” A much more serious problem is
the fact that some of the propositions of the Ma’khudhat have connections to results
in Pappus’ Collection, as well as to a small group of short treatises in Arabic, some
of which have also been attributed to Archimedes.® In light of these connections, it is
quite possible that these treatises originated as Greek sources by authors who were

5 At least in published articles. In private communication (13 January 2016), Abdelkaddous Taha
informed me that he was aware of Thabit ibn Qurra’s translation.

6 This is Heath’s (1897, xxxiii) suggestion, which I follow.

7 See, among others, Heath (1897, xxxii).

8 Among these treatises, we may count the following two. 1. Kitab al-mafradat li- Aqatun, preserved
in Aya Sofya 4830/5 (Istanbul). This treatise has been translated into English by Dold-Samplonius
(1977). 2. Kitab Arshimidis fi al-usul al-handasiyya, preserved in Bankipore 2468/29 (Patna), a
treatise containing nineteen propositions, all of which are also found in the Kitab al-mafrudat
li-Aqatun. The fact that the second treatise, attributed to Archimedes, whose propositions are
contained entirely in the first, attributed to an otherwise unknown Aqatun, is significant. As Dold-
Samplonius observes, there are similarities between Proposition 3 of the Kitab al-mafrudat li-Aqatun
and Proposition 10 of the Ma’khudhat. We may add that the figure of Proposition 26 of the Kitab
al-mafrudat li-Agatun is very similar to that of Proposition 3 of the Ma’khudhat, which was already
known to be related to a proposition in the Almagest (See Heath (1897, 303) for details.). A detailed

study of the contents of these treatises, along with the connections between them, would be useful.
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either anonymous or lesser known, and then mistakenly attributed to Archimedes.
Hence, until the connections between these works and their relations to extant Greek
mathematical writings (especially of Late Antiquity) are better investigated, the at-
tribution of the Ma’khudhat to Archimedes, in whole or in part, must also be viewed
with considerable skepticism. We also note that the title in Fatih 3414, Ma’khudhat
mansuba ila Arshimidis, can be interpreted as expressing some uncertainty about
Archimedes’ authorship of the work, but even if that were the case, this uncertainty
soon disappeared: The titles of both the risala of al-Sijz1 and the tahrir of al-Tust
claim that the work belongs to Archimedes (li-Arshimidis).

The translator’s name is given as Thabit ibn Qurra (d. 288 AH/901 CE) in Fatih
3414.

I.2 The Risala of al-Sijz1

The risala of al-Sijz1 is a letter written by him to an unnamed recipient; this recipient
is saluted throughout with the words adama llahu %zzaka (“may God perpetuate
your might”). It is preserved in the unique manuscript Arabe 2458, Bibliotheque
Nationale de France (Paris). From the opening of the letter (f. 5r), we understand
that this recipient sent al-Sijz1 some questions about propositions that he wanted
al-Sijz1 to explain and interpret (tas’aluni hallaha wa-targhabu ilayya fv tafsiriha).
Al-Sijz1 replies that he found that these propositions were taken exactly as they are
from a book of Archimedes known as the Ma’khudhat, and that they were explained
there. Al-Sijz1 then says he complied with his correspondent’s request, and worked
hard so that the demonstrations would be harmonious with the demonstrations given
by Archimedes, if not necessarily the same. He says that he did not have anything
except the writing itself and the annotations on it. He warns his correspondent that
there are some propositions that cannot be proved in an easier manner than that

Y

of the “Geometer” and that there remains some difficulty in them.? Al-Sijz1 then
claims to have made the text easier for his correspondent to understand and added
many explanations; he proved some propositions in what he regarded as a clearer
way than that of Archimedes, that the king may be favorably disposed to the work
(li-yakuna li-na‘ma’i al-maliki adama llahu sultanahu). From this last passage, we
understand that his correspondent was a ruler.

There are references in Al-Sijz1’s risala to other works of his; one of these is of
special importance for the dating of the risala. At the beginning of Proposition 8 (f.
6v), Al-Sijz1 informs us that this proposition is a mugaddima (“preliminary”) to his
work Qismat al-zawaya al-mustagimat al-khattayn bi-thalathat agsam mutasawiya.'”
As Rashed (2004, 183) already notes, the name of al-Biruni (973-1050 CE) is men-

9 Although al-SijzT does not enumerate these propositions explicitly, they are probably Propositions
5, 6, 7, 8, and 12, the propositions he quotes verbatim.
0 For an Arabic edition and French translation of this text, see Rashed (2004, 333-385).
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tioned and his work is referred to in several places in the Qismat; Rashed then
suggests that the Qismat must have been written in the 990s CE. Hence, the risala
would have been written even later, probably at the beginning of the 11th century.

1.3 The Tahrir of Nasir al-Din al-Tus1

The tahrir of the Ma’khudhat by Nasir al-Din al-Tust is part of a collection of his
tahrirs of various works, called the Mutawassitat (“Middle Works”).!! Judging from
the large number of surviving manuscripts, it is clear that these works enjoyed wide
circulation in the Middle Ages and beyond. It was no doubt for this reason that
al-Tust’s tahrir of the Ma’khudhat formed the basis of the European translations by
John Greaves (1659) and Ibrahim al-Hagilan1 (1661, 377-415).

The introduction to al-Tust’s tahrir of the Ma’khudhat is simply a quotation from
Abu al-Hasan ‘Alt ibn Ahmad al-Nasawi (fl. 1029-1044 CE, referred to throughout the
text as al-ustadh al-mukhtass, or simply al-ustadh). Al-Nasaw1 starts by mentioning
the attribution of these “beautiful propositions that are few in number and great in
utility” to Archimedes. He goes on to say that the “Moderns” have added them to
the collection known as the Mutawassitat that should be studied between FEuclid and
the Almagest. He mentions the references by “Archimedes” to other works of his. Al-
Nasaw1 then goes on to state that Abu Sahl al-Quhr (fl. ca. 970-1000 CE) composed
a treatise named the Tazyin kitab Arshimidis fv al-Ma’khudhat (“Decoration of the
book of Archimedes on the lemmas”), in which he proved Proposition 5 by a more
general and elegant method. He finishes by saying that he cited two propositions
from al-Quh1’s Tazyin concerning Proposition 5 and left the others out to avoid
prolixity.

The body of al-Tust’s tahrir consists of the fifteen propositions of the Ma’khudhat
in rephrased form. The rephrasing does not touch mathematical substance; in no
instance do we find al-Tus1 proving the propositions in a different way. The figures are
identical to those found in Fatih 3414; the only differences are in the letters used,
which are changed so that they are introduced in the abjad order, as is common
practice in Arabic mathematical texts of the Middle Ages.!? It is clear that al-Tdst’s
source was the text of the Ma’khudhat as found in Fatih 3414; he does not use
al-Sijz1’s risala.

As an example, we may consider the differences in the demonstrations and figures
of Proposition 1 in the Makhudhat, al-Sijzi’s risala, and al-Tust’s tahrir. In the
Ma’khudhat, this proposition is proved by using the properties of parallelograms and
isosceles triangles. The strategy of the demonstration is to prove that the angles RKQ)
and BK(Q are equal to two right angles, which implies that RB is a straight line.

' For (nonexhaustive) lists of manuscripts, see Sezgin (1974, 133) and Rosenfeld and Thsanoglu
(2003, 213).

12 Qee, however, the notes to Figures 3 and 5 at the end of Section IIL



SCIAMVS 19 Thabit’s Translation of Ma’khudhat Mansuba ila Arshimidis 57

Al-Tusr’s tahrir follows the same outline; moreover, the figures in the Ma’khudhat
and al-Tust’s tahrir are identical (except for the diagram letters). In contrast, al-Sijz1
uses a different approach in his risala; the figure he uses is also different in that it has
two sectors of circles less than semicircles that are tangent to each other at a corner,
whereas the figure in the Ma’khudhat and al-Tusr’s tahrir both use two semicircles
that are tangent at one point between the two endpoints. Al-Sijz’s demonstration
uses the theories of ratios and similarity as found in Euclid’s Elements, and applies
this theory to the ratios of the various lengths in the figure to prove that the triangles
BKQ@ and KRX are similar; this then implies that the angles RKX, XK@, and QKB
(or rather, the angles corresponding to these in his figure) are equal to two right
angles.

The demonstrations of the propositions in al-Tust’s tahrir are sometimes followed
by commentaries from al-Nasawi; on occasion al-Tusi adds his own comments. In
Proposition 5, al-NasawT cites two propositions from the Tazyin of Abu Sahl al-Quhz,
as mentioned above. These two propositions of al-Quhi concern the two cases where
the two semicircles in Proposition 5 intersect, as opposed to touch, each other.

I.4 The Latin Translations of the Ma’khudhat by John Greaves and
Ibrahim al-Haqilant

The first appearance of the Ma’khudhat in Europe, in manuscript or in print, is the
Latin translation made by the English mathematician John Greaves (1602-1652 CE)
and published in a collection titled Miscellanea: sive lucubrationes mathematicae
that was edited by John Twysden (1607-1688 CE) and published in London in 1659.
This is, in fact, a posthumous collection of seventeen texts, most of them by the
English mathematician and astronomer Samuel Foster (d. 1652 CE),'3 on astronomy,
geometry, and trigonometry. The texts are in Latin, English, and sometimes both.
There is a letter in Latin by Twysden dedicated to Sir Henry Yelverton, 2nd Baronet
(1633-1670 CE), and another, in English, to Sir Henry’s wife Susanna Longueville,
Baroness Grey de Ruthyn. There is also a letter to the reader, in both Latin and
English.

The Lemmata Archimedis is the eleventh text in this collection. The title page
announces that this text had been desired for some time, that it was translated
from an old Arabic manuscript by John Greaves, and that this is the first time it
was published. Indeed, no version of the Ma’khudhat is known in Europe prior to
1659 CE, but there was obviously interest in the text. This interest may have been
generated by European scholars reading Arabic who became aware of the text before
1659 ce.!

13 For an overview of Samuel Foster’s life, his circle, and his astronomical activities, see Frost
(2006).

14 Tt is not difficult to see how a newly discovered text purportedly by Archimedes would generate
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Greaves’ Latin translation is made from the tahrir of al-Tusi. It includes a trans-
lation of the introduction, which, as we have noted, is simply a paragraph quoted
from al-Nasaw1, the propositions, and all the commentaries by al-Nasaw1. There is
a page of short corrections, also in Latin, by Samuel Foster, and a page of figures at
the end.

John Ward (1740, 86), in his biography of Foster, has this to say:

... Nor did he only excel in his own faculty, but he was likewise well versed in the ancient
languages; as appears by his revising and correcting the Lemmata of Archimedes, which
had been translated into Latin from an Arabic manuscript, but not published, by Mr.

John Greaves.

Hence, we see that his work on the Lemmata Archimedis brought Foster enough
prestige to justify its mention in his biography.

The next European publication of the Ma’khudhat, also based on the tahrir of
al-Tusi, is a Latin translation made by Ibrahim al-Hagilan1, together with notes by
the Italian mathematician Giovanni Alfonso Borelli (1608-1679). This translation
is found as the second part of a volume containing Latin translations of Books V,
VI, and VII of Apollonius’ Conics. There is a five-page introduction to the reader
by Borelli. Most of this introduction is a discussion of the reasons, for or against,
the attribution of the text to Archimedes. At the end of the introduction, Borelli
notes that the title indicates the existence of sixteen propositions, but that there are
only fifteen in the text.'® This has consequences, in that two other propositions, not
found in any Arabic version of the Ma’khudhat, were added at the end (see below).

The introduction is followed by the translations of the propositions, al-Nasaw1’s
commentaries, and finally, for some propositions, by notes in Latin written by
Borelli. These notes are usually quite extended; they point to connections to other
Greek mathematical texts (especially Pappus’ Collection), to errors found in the
text, to possible applications of the propositions to the solutions of problems such
as the measurement of the circle and the trisection of the angle, to supplying demon-
strations of assumed results.

After his notes to Proposition 15, Borelli adds that he had mentioned that it was
not improbable that this booklet of Archimedes was none other than the ancient
book of lemmas that Eutocius had said he had seen, in his commentary to Proposi-
tion 4 of Book II of Sphere and the Cylinder. After that work had been translated

a great deal of interest in Furope, where Archimedes’ treatises were now being translated. This
interest may also explain the fact that two translations of the Ma’khudhat were published within
two years of each other. In general, more work on the impact of the Ma’khudhat on both Islamic
and European mathematics remains a desideratum.

5 In fact, all the manuscripts of the tahr#r of al-TTsT that I know of contain fifteen propositions.
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by very learned friends, Ibrahim al-Hagilan1 sent Borelli the translation of a portion
of a work of Abu Sahl al-Quhi, namely a “book of the arrangement of the lemmas
of Archimedes” (librum ordinationis lemmatum Archimedis). Despite the slight mis-
translation, this can be seen to be the Tazyin of Abii Sahl al-Qiih1.'® Borelli then
goes on to cite some words of al-Quh1’s that he says confirms the interpretation that
the Liber Assumptorum is none other than the lost treatise of Archimedes. Next, he
tells us that he is going to add two propositions here, one because Archimedes had
promised to prove it, and the other because it must be the one missing from the
Arabic manuscript of the Liber Assumptorum used by Ibrahim al-Hagilani. (Recall
that Borelli is under the impression that the Liber Assumptorum ought to contain
sixteen propositions.) These propositions have been recently studied in detail, and
their texts have been published, by Hogendijk (2014, 264-272); he finds that Propo-
sition 16 in Borelli’s edition of the Liber Assumptorum has been adapted from a
work of al-Quh1’s titled Filling a Lacuna in the Book by Archimedes on the Sphere
and Cylinder in the edition of Nasir al-Din al-T1sl.

I.5 Recent Translations

Al-Hagilan1’s Latin translation was used by Heiberg (1972, I1.509-525) in his edition
of Archimedes’ works; he reproduced the text of the propositions, and the introduc-
tion (in a footnote), but he left out al-Nasaw1’s commentaries. In modern languages,
we have an English translation by Heath (1897, 301-318), a French translation by
Ver Eecke (1960, 521-542) and another by Mugler (1970-1972, 111.129-164). All
these works reproduce the text of the propositions; the commentaries of al-Nasaw1
are not included.'”

1.6 The Text of the Ma'khudhat

The propositions in the Ma’khudhat follow a slightly different layout from those of
Euclid’s Elements. In general, they start with an enunciation (npdtacig) stated, not
in general terms, but using lettered objects, with the grammatical structure of an
“if-then” statement (idha ... fa-inna), so that there is no separate exposition (¥k6eoic)
or specification (Sopiouds), or these are simply folded into the enunciation. There
are a few irregularities: Proposition 1 starts with an enunciation stated in general
terms that quickly reverts to the use of lettered objects; in Propositions 13 and 15,
the consequence of the opening statement is stated as a specification, beginning,

16 Hogendijk (2014, 268, n. 18) points out that the Latin word ordinatio is a mistake for ornatio,
an exact translation of Arabic tazyin.

7 There is now a Spanish translation of Archimedes’ works by Paloma Ortiz Garcfa. The second
volume of this translation, published in 2009 according to its amazon.es page, seems to include the

Ma’khudhat, but 1 regret that I have not been able to consult the book directly.
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as is usual in Greek mathematical texts, with "then I say” (fa-aqul). These are
followed by the construction (katackevr]) and the demonstration (&nddei€ic). None
of the propositions contains a conclusion (cvumépacua).'® Since the irregularities
mentioned above are extremely unlikely to be translation or scribal errors, they must
be attributed to the original text from which the Ma’khudhat was translated, and
they give the strong impression that this original text was compiled from different
sources. It should also be noted that the Arabic words mithal (“example”) and
burhan (“demonstration”) that are used to mark the exposition and demonstration
in some Arabic translations of Greek mathematical works and in many mathematical
texts originally composed in Arabic are absent from the Ma’khudhat.

There are irregularities in the terminology as well. For example, in Proposition 1,
the lines 7@’ kaf and kaf ba’ are joined by the expression wusila fima bayna nugtatay

. bi-khatt (68.5) instead of wusila khatt that will become common in the later

propositions (for example, 70.9). The point ba’, which is the point of tangency of the
two circles, is said to be the mawdi‘ al-tamass (68.7) instead of the expected nugtat
al-tamass; instead of the expected khatt dad ba’, we have a khattan mustagiman ...
‘alayhi dad ba’ (68.7). Starting with Proposition 2, this begins to change. Lines are
now joined directly, with expressions such as wasalna khatt (69.8). The word ga‘ida
(70.2) is sometimes used to denote a cathete, which is again unusual. Perpendiculars
are sometimes indicated as ‘@mud kaf gaf (70.8, Proposition 3), sometimes as ‘amud
‘alayhi dad ha’ (74.7, Proposition 5). The same is true of circles: da’irat ra’ dad (78.3,
Proposition 7) vs. da’irat ‘alayha ra’ kaf qaf (80.12, Proposition 10). Chords, or lines
cutting circles, are first described as gati‘ (80.12 and 84.2, Propositions 10 and 12
respectively), later as watar (87.8, Proposition 15).°

The subject matter of the Ma’khudhat is plane geometry, which I define as the
material covered in Books I-VI of Euclid’s Elements. There is no clear arrangement
of the propositions, with one notable exception: Propositions 1, 4, 5, and 6 form a
group. Propositions 4, 5, and 6 cover properties of the figure known as the dppnAog
(“semicircular knife”). I have included Proposition 1 in this group since it is explicitly
used in Propositions 5 and 6. The connection of this group to Book IV Pappus’
Collection has long been known.?’ It may be possible to include Proposition 14
among these as well, since it concerns the figure known as the s&Awvov, from Latin
salinum (“salt-cellar”). This figure is formed, just like the dpPnAog, by semicircles
that are tangent to each other.

18 The divisions of a Euclidean proposition are discussed in some detail by Heath (1926, 1.129-131),
and with respect to the Arabic texts by Sidoli and Isahaya (2018, 212-218). The presence of Greek
terms in parentheses should not be taken to imply that the translator of the Ma’khudhat knew this
terminology.

19 These examples are not exhaustive.

20 See Heath (1897, xxxii—xxxiii, 304-308) and Sefrin-Weis (2010, 207-221).
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Finally, we must note the names of some treatises mentioned in the text. These are
the “Commentary to the Treatise about Right-Angled Triangles” (Proposition 5),
the “Treatise about all Triangles” (Proposition 6), and the “Treatise about Quadri-
laterals” (Proposition 12). The mention of two of these treatises, both concerning
triangles, in Propositions 5 and 6, strengthens the impression that these two propo-
sitions have a common source, as is already implied by their subject matter. None
of these treatises is known from Greek sources.

II Description of the Manuscripts

I1.1 Fatih 3414 (684 AH/1286 CE)
Physical Description

The manuscript comprises 75 folios, with nineteen lines per page. The folio numbers
are written in pencil at the upper left corners of the rectos. The text, the lettering of
the figures and the marginal notes are written in very clear and readable naskhi from
one hand. Pointing is usually, but not always, provided. The figures are well drawn.
The marginal notes are not numerous, with the number of the longer notes being less
than two dozen; in some of these notes, the writer is explicitly named as Muhammad
ibn ‘Umar ibn Ahmad ibn Abi Jarada (7th c. AH/13th c. CE).2! Some corrections
to the main text have been made by covering over the erroneous part with red ink;
these are again few in number, and they are corrected right after the erased part,
not in the margin. Red ink is also used for the longer marginal comments, and black
ink is reserved for the shorter marginal corrections, though there are exceptions.
Titles of works, numbers of propositions, figures and the longer marginal notes are
in red ink; while the main text is in black ink. Titles of works are fully vowelled
and are written in larger letters than usual. Decorated headpieces are also provided
for the first two treatises.?? There is extensive water damage at the bottom parts of
the pages; which sometimes impedes reading the bottom lines. There is also minor
water damage in various other places.

Contents

The treatises in the manuscript are as follows:?3

1. Kitab Arshamidas® fi misahat al-da’ira (Kokhov pétpnoig): ff. 2v-6v. On folio

21 Suter (1900, 158, no. 385) mentions him briefly.

22 This may explain the fact that only these treatises are listed in the microfilm catalog.

23 Please note that I am using the folio numbers indicated at the upper left corners of the
manuscript, and my numeration may differ slightly from that used by Sezgin (1974).

24 Even though Archimedes’ name is typically vocalized as Arshimaidis in Arabic texts, it is vocalized
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2r, there is a decorated headpiece for the work. Neither there nor on the next page
is the name of the translator given. The colophon gives no information about the
copyist or the date of completion; however, the copyist is probably Ibn Ab1 Jarada,
as he is of all the other treatises, and the hand is the same.

2. Kitab Arshamidas fv shakl al-kura wa-shakl al-ustuwana (Tlept o@aipag kal Ku-
Aivdpov a' B'): ff. 9v—46v for Part I and 46v—60r for Part II. On folio 9r, there is a
decorated headpiece for the work, where the translator’s name is given as Qusta
ibn Luga al-Balabakkl (d. ca. 300 AH/912-913 cE). Part I includes 49 propositions
as opposed to 44 in Heiberg’s edition (1972), whereas Part II includes nine as in
Heiberg. There is a short colophon on folio 46v and a longer one on folio 60r, which
latter indicates that the copying was finished on 16 Rab1‘ al-Awwal 676 AH/17 August
1277 cE by Ibn Ab1 Jarada.

3. Min tafsir kitab Arshamidas fi al-kura wa-l-ustuwana li- Utugiyus: ff. 61r—67v
and 74r-74v. Due to a binding error, folio 74 was bound with the folios of the next
treatise, which starts directly after folio 67v (see below). There are seven propositions
in this treatise. The colophon on folio 74v indicates that the copying was finished on
6 Dhu al-Qa‘da 684 AH/3 January 1286 CE by Ibn Ab1 Jarada. It is interesting to note
that this is more than eight years after the previous colophon; this may indicate that
the Arabic translation of Eutocius’ commentary was found in a different manuscript
than the one that contained On the Sphere and Cylinder.

4. Ma’khadhat mansuba ila Arshamidas: ff. 68r-73v and 75r-75v.2% There are
fifteen propositions in this treatise. The colophon on folio 75v indicates that the
copying was finished on 2 Dhu al-Hijja 684 AH/29 January 1286 CE by Ibn Abi
Jarada.

.o)\fd\dk\uﬁu%dwd\&\}uj\%)ﬂuwwj&wj
LJ...« JCU\.A&J L;LJ AUJ \u\ﬁl’ AJLQ"") L;uLC} C‘)\ Low dﬁ'—"\ 63 o du‘ du C}j
.\J\:{ A& 4.\3} No} 4.\:1.1» Cs-‘ .u.we) g 43\ J‘:} .\45

as Arshamidas in the titles of some of the treatises contained in Fatih 3414.

25 Note that Sezgin (1974, 132) erroneously lists this manuscript with another manuscript (Mash-
had, Rida’ 5617) as containing the commentary of Abu al-Hasan ‘All ibn Ahmad al-Nasaw1 and then
translated into Latin; he then claims that this Latin translation is contained in Heiberg’s edition.
In fact, the text Heiberg included in his edition is Ibrahim al-Hagilant’s translation of al-Tusr’s
tahrir of the Liber Assumptorum, with the commentaries removed. Sezgin (1974, 132) also lists this
treatise as running to folio 73v (72v in his numeration), missing the last page. Krause (1936, 457,

no. 21) gives the incipit of the work, which makes it clear that it is not al-Tusi’s tahrir.
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Muhammad ibn ‘Umar ibn Ahmad ibn Ab1 Jarada, the one who needs God the Exalted,
wrote, drafted, and verified it by collation. And he finished it on 2 Dhu al-Hijja 684,
praising God the Exalted, praying for our Master Muhammad, for his family, and for

his companions. He verified (it) by collation; much praise is for God.

I1.2 Arabe 2458 (539/1145)
Physical Description

The manuscript comprises 32 folios. The folio numbers are written at the upper left
corners of the rectos and the upper middle of the versos. The text, the lettering
of the figures and the marginal notes are written in naskhi in a single hand; but
the writing can be difficult to read. Pointing is usually, but not always, provided.
The figures are very well drawn, but at the end of the manuscript, four figures
are missing. The marginal notes are few in number; the longer notes number less
than ten. The marginal notes contain both marginal corrections and mathematical
comments. As I have consulted this manuscript from a black-and-white PDF file, 1
am not able to describe the colors used, but it is clear that the titles were written
in a different color than the text itself. The titles are of the same size as the text.
There is water damage at the bottom parts of the pages and near the binding, the
damage sometimes reaches as far as a third of the page, which sometimes makes it
impossible to read the bottom lines of the page.

Contents

The treatises in the manuscript are as follows:

1. Risala li-Ahmad ibn Muhammad ibn ‘Abd al-Jalil rahimahu lah fi ikhraj al-
khutut fr al-dewa’ir al-maowdu‘a min al-nugat al-mutah: ff. 1v—4r. The colophon at
the end of folio 4r is difficult to read due to water damage, but the year 539 AH/1144—
1145 CE is legible.

2. Tahsil al-qawanin al-handasiyya al-mahduda li-Ahmad ibn Muhammad ibn ‘Abd
al-Jalil al-Sijzv rahimahu llah: ff. 4v—5r. The colophon on folio 5r indicates that the
copying was finished in 539 AH/1144-1145 CE.

3. Risalat Ahmad ibn Muhammad ibn ‘Abd al-Jalil fv al-jawab ‘an al-masa’il allaty
swila fv hall al-ashkal al-ma’khadha min kitab al-ma’khuadhat li- Arshimadis: ff. 5r—8v.
The colophon on folio 8v indicates that the copying was finished on 23 Shawwal 539
AH/18 April 1145 CE. The name of the copyist is not given.

4. Al-maqala al-rabi‘at ‘ashar min ikhtisar al-imam al-Muzaffar al-Isfazart li-
usul Uqlidis ahad ‘ashar shaklan: ff. 9v—10v. The colophon on folio 10v gives no
information about when the copying was completed, but it must have been in 539
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AH/1144-1145 CE, since both the previous and the next treatises were completed in
that year.

5. Magala li-I-Hasan ibn al-Hasan ibn al-Haytham fi al-malamat: ff. 11v—26r.
This treatise has been edited and translated into French by Rashed (2002, 443-583).
The colophon on folio 26r indicates that the copying was finished on 9 Dhu al-Hijja
539 AH/2 June 1145 CE.

6. Al-ashkal allaty yajib an tudaf ila al-ukar hatta yufham al-Magjisti ‘ala al-haqiqa
min ghayr taqrib: ff. 26v—27v. This is a very short work by Ibn Rushd (520 AH/1126
CE-595 AH/1198 CE) on spherical geometry;?% including nine figures. There is no
title proper, but the text starts with gala al-shaykh Abu al-Walid hadhihi al-askhal
allaty yajib an tudaf ila al-ukar..., whence the title above. The colophon on folio
27v gives no information about when the copying was completed. If the copying was
completed in 539 AH/1144-1145 CE, as were the previous treatises in the manuscript,
Ibn Rushd would have been no older than eighteen years of age when he wrote this
treatise. We can therefore conclude that this treatise (and the next) were copied well
after this date.

7. Risala fr al-barahin ‘ala masa’il al-jabr wa-l-muqabala: ff. 28r-32v. No informa-
tion about the title or author are given, but the text is a famous treatise by ‘Umar
al-Khayyam.?” There is no colophon.

IIT Editorial Principles

There exists a well-written manuscript, namely Fatih 3414 (denoted F), for
Ma’khudhat mansuba ila Arshimidis. The other witness is part of a letter (risala)
by al-Sijz1 on the Ma’khudhat contained in the manuscript Arabe 2458 (denoted P).
Al-Sijz1 cites several propositions (Props. 5, 6, 7, 8, 12) verbatim, while paraphras-
ing others; hence his letter can be used to reconstruct the text of the propositions
quoted verbatim. Since P contains a far greater number of scribal errors than F,
my approach to establishing the text and the figures has been to rely on F. There
are a few grammatical mistakes in the text; since they are very minor and do not
affect the sense of the text, I have not attempted to correct them. However, I have
made some minor changes to the text and two of the figures (see below), if such
corrections seemed justified by the variant reading in P as well as internal evidence
of F. I have also occasionally used the (noncritical) Hyderabad edition of al-Tust’s
tahrir of the text (denoted Hy) to correct the reading of a few words.

To give one example, in the text of Proposition 6 (76.4) we have the reading U 9
Olesiue 5 g in F. In that sentence, with one exception at the very beginning,

26 See Rosenfeld and Thsanoglu (2003, 190).
27 See Rosenfeld and Thsanoglu (2003, 168-169).



SCIAMVS 19 Thabit’s Translation of Ma’khudhat Mansuba ila Arshimidis 65

every line is indicated by three points on it; moreover, P has the reading S s 9
Olestins g Therefore, I have accepted the reading of P instead of F'.

Note that in both manuscripts, the figures are placed on the left margin, but
their location otherwise does not depend on the text.?® The lettering of geometric
objects is indicated by a series of connected letters with an overline. The edition and
translation are followed by a list of variant readings in P and notes on the critical
apparatus. I have given the Arabic originals (in transliteration) of some of the words
in English translation; and I have given the Greek loanwords in transliteration, with
the Greek original in parentheses. I have supplied the punctuation in the Arabic
edition. Finally, the words in square brackets in the English translation indicate
that they are not present in the Arabic; they are included to increase readability.

I have reproduced the figures in F faithfully, preserving not only the line segments
and the arcs appearing in the figures, but also their orientations and the angles made
between them. This implies that the figures sometimes have features that are not
explicitly stated in the text. The most obvious example is the figure in Proposition
2, where the two tangents to the circle need not be perpendicular to each other. The
placing of the letters, however, may differ from that in the manuscripts.

Note on Figure 3: On folio 69v in F, there is a line segment connecting ra’ and
kaf, which is not constructed in the text.

Note on Figure 5: On folio 70v in F, the letter ba’ appears in the figure, but the
text has tha’; so I have reproduced the figure with tha’ instead of ba’. Consequently,
the figure used in the translation has V. The corresponding figure and text in P, on
folio 6a, both have ba’. Also, the figure in F' has an extra letter nun which, together
with shin, forms the diameter of the smaller circle on the right. However, the text
constructs only one of the diameters, namely alif shin, the diameter of the smaller
circle on the left.

The line segment connecting ra’ and kaf in Proposition 3, the letter nun and the
line segment connecting it to shin in Proposition 5 are also missing from the tahrir
of al-Tus1. They were then probably added by Ibn Abt Jarada, or somebody in the
line of transmission to him. Therefore, I have not reproduced them.

28 This is true of all texts in both manuscripts.
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Correspondence of Arabic and Latin Letters

Arabic Latin Arabic Latin Arabic Latin
\ A O N < T
- B ¢ 0) @ U
C H < p & \Y
S I é C W
4 K | o X
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IV Text and Translation

Conspectus Siglorum

The sigla of the manuscripts used are as follows:

F: Fatih 3414, ff. 68r-73v and 75r-75v. As explained in subsection II.1, folio 74
belongs to another treatise in the manuscript. Folio numbers of this manuscript
are indicated on the left side of the Arabic text,

P: Arabe 2458, ff. 5r—8v.

The Hyderabad edition of al-Tusr’s tahrir of the Ma’khudhat is also referred to as
follows:

Hy: al-Tust (1939, pp. 99-131).

Abbreviations
ante before
cf. compare
corr. mg. corrected in the margin
illeg. illegible
mg. margin
om. omitted
part. illeg. partially illegible
rep. repeated (twice)
sup. above the line

tr. transposed
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1 T_’}‘c—] As has been already observed by Foster (Greaves with Foster 1659, 18), Borelli (Ecche-
lensis and Borelli 1661, 388), Heiberg (1972, 11.512, n. 2), and following Borelli, Taha (1998, 267),
the line gaf kaf need not be perpendicular to the line ra@’ ha’, in spite of the figure; nor is this
perpendicularity part of the enunciation. I am forced to conclude that the word ‘@mud is corrupt,
possibly because a copyist was misled by the figure. At what point in the transmission the corrup-
tion occurred, it is impossible to say; therefore, I have not emended it. I have kept the corruption

in the English by translating the word as “perpendicular.”
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11 u‘:‘u‘] This is the Greek word arbélos (&ppniog, “semicircular knife”), which is found twice in
Pappus (Sefrin-Weis 2010, 29, 37).
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70 )...)Lw] The word salinun (séMvov) is accompanied in both occurrences in this proposition by
the explanation kadha wajadtuhu huna fa-l-yuhaqqaq, in red ink, by Ibn Abi Jarada; presumably
because he expected the word to be spelled differently. 1 take the nonsensical phrase “because it
resembles the shape of the sln” to be an interpolation in the source text that is due to a scribe trying
to explain the word salinun (sdAwvov), no doubt because it seemed strange to him. Incidentally, this
strengthens Heath’s (1897, xxxiii-iv) argument that this word is a foreign borrowing, in this case

from Latin salinum (“salt-cellar”).
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Lemmas Attributed to Archimedes
The Translation of Thabit ibn Qurra al-Harrani
In the name of God, the Most Gracious, the Most Merciful. My Lord, make it easy.

1. If there are two semicircles one of which is tangent to the other, whose diame-
ters are parallel such as the diameters RUA and KQT, between the points R and K
the line RK is joined and between the points K and B the line KB [is joined], then
the line RB is a straight line.

R X U A

We make the centers of the circles U and @), and we pass a straight line, on which
are UB, through them that reaches the place of tangency. And let the line KX be
parallel to the line QU. So since the line XU is equal to the line K@, and the line KQ
is equal to the line @B, the line XU is equal to the line B. Since the whole line BU
is equal to the whole line RU, and the line BQ from one of them is equal to the line
UX from the other, the line UQ remains equal to the line RX, and it is also equal to
the line KX. So the line KX is equal to the line XR, and therefore the angle XRK is
equal to the angle RKX. Since the angle BQK is equal to the angle BUR, and the
angle BUR is equal to the angle KXR, the angle BQK is equal to the angle KXR,
and the angles XRK and XKR remain equal to the angles QBK and QKB. But the
angles XRK and XKR are twice the angle XRK, and the angles QBK and QKB are
twice the angle QKB, so the angle QKB is equal to the angle XRK. We make the
angle RK(@ common, and then the angles XRK and RK(Q are equal to the angles
RK(Q and BK(Q. But the angles XRK and RK(Q are equal to two right angles—for
they are two interior angles between two parallel lines. So the angles RK(Q and BK(Q
are equal to two right angles, and the line RB is a straight line. And that is what

we wanted to prove.
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2. If RQU is a semicircle, the lines KR and K@ are tangent, the line QA is
perpendicular [to RAU], and we join the line UK, then the line QX is equal to the
line XA.

We join the line UQ), we extend it straight, and let the lines RKH and UQH meet
at the point H. We join the line R(). Since the angle RQU is in a semicircle, it is a
right angle, and the angle RQH remains [equal to a] right [angle]. Since the triangle
RQH is right-angled, and the perpendicular’ QK was drawn in it so that it is equal
to the line that it cuts off from the base, which is KR—for each one of them is
tangent to the circle—the line KR is also equal to the line KH, as we proved in the
propositions that we constructed about right angles. Since the line QA was drawn
parallel to the base in the triangle HUR—for the interior angles HRA and QAR are
equal to two right angles—and since the base was bisected at the point K, the line
KU was drawn from the point K so that it intersects the line that is parallel to the
base, the line QA has been bisected at the point X. And that is what we wanted to

prove.

3. If RKU is a segment of a circle, the point K is marked on it, the perpendicular
KQ is drawn from it, the line QA is equal to the line U(Q), the arc UK is equal to
the arc KX, and the line RX is joined, then the line RX is equal to the line RA.

R AQU

t See note on page 70 above.
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We join the lines UK, KA, and XA. Since the arc UK is equal to the arc KX,
the line UK is equal to the line KX. Since the line UQ is equal to the line QA, the
line K@ is common, and there are two right angles at its two sides, the lines UK,
KA, and KX are equal. And the angle that is at the point A is equal to the angle
that is at the point U. And since there is a quadrilateral, which is RXKU, in the
circle, the angles RXK and RUK are equal to two right angles. And the angle RUK
is equal to the angle KAQ. So the angles RXK and KAQ are equal to two right
angles. Therefore, the angle RAK is equal to the angle RXK. Also, the angle AXK
is equal to the angle KAX, since the line KA is equal to the line KX. So the angle
RXA remains equal to the angle RAX; therefore, the line RX is equal to the line
RA. And that is what we wanted to prove.

4. If RQU is a semicircle, two mutually tangent semicircles—semicircle RK and
semicircle K U—are constructed on the line RU, and the line K@ is perpendicu-
lar, then the new figure generated from that—which Archimedes names the arbilus
(&pPnAog), and which is the surface the arc of the greater semicircle and the arcs
of the two smaller semicircles enclose—is equal to the circle whose diameter is the
perpendicular KQ.

Since the line K@ is in continuous proportion with the lines RK and KU, the
surface that comes into being from RK by KU is equal to the square of the line KQ).
So we make the surface that comes into being from RK by KU with the squares
of the lines RK and KU common. The result of the multiplication of RK and KU
[taken] twice with the squares of the lines RK and KU is equal to twice the square
of the line K@ with the squares of the lines RK and KU. But the result of the
multiplication of RK and KU [taken| twice with the squares of the lines RK and
KU is equal to the square of the line RU. So the square of the line RU is equal to
twice the square of the line K@ with the squares of the lines RK and KU. So then
the circle whose diameter is RU is equal to the circles whose diameters are RK and
KU with twice the circle whose diameter is K@Q. Therefore, the semicircle RQU is
equal to half of the circles whose diameters are RK and KU with the circle whose
diameter is K. We subtract the common, which is the semicircles RK and KU, and
the figure the arc RQU and the arcs RK and KU enclose, which Archimedes names
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the arbilus (&ppniog), remains equal to the circle whose diameter is K@Q. And that is
what we wanted to prove.

5. If RU is a semicircle, an arbitrary point, which is K, is marked on its diameter,
semicircles on which are RK and KU are constructed on the diameter, the line K@)
is perpendicular to the diameter, two circles that are tangent to it are constructed
on both sides of it, and they are tangent to the semicircles, then the two circles are
equal.

R K U

We draw the diameter of one of the circles, which is AX. Let it be parallel to the
line RU. We join the line AH and the line AR. So the line HR is a straight line, since
we proved in the first proposition that if a semicircle is tangent to another semicircle,
and their diameters are parallel, then the line between the point of tangency and
the angle of the smaller semicircle and the line between the angle of the smaller
semicircle and the greater semicircle are adjacent in straight extension. Let the line
RH meet the line K@ at the point (). We also join a line between H and X, and a
line between X and U. So the line HU is also straight because of what was proved
in the first proposition. And since a line was joined between A and V, and another
line between V and K [was joined], the whole line AK is straight because of what
we proved in the first proposition. So if we join a line between X and V, and a line
between V and R, then we have the straight line RX. Since the lines QR and RU
are straight, a perpendicular on which are QK to the line RU was drawn from the
point (), a perpendicular, on which are UH, to the line QR was drawn from the
point U, a line was joined between R and X, and it was extended to I, it is evident
that if we draw the perpendicular UI to it, and join the line I@Q), then the whole
line UQ is straight because of what we proved in the propositions we constructed
in the commentary [sharh] to the treatise [gawl] about right-angled triangles. Since
the angle at V is right—Dbecause it is in a semicircle—and the angle at I is right
as well, the alternating angles are equal. So the line AK is parallel to the line QU.
Therefore, the ratio of the line R to the line QA is equal to the ratio of RU to
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UK. But the ratio of RQ to QA is equal to the ratio of RK to AX. So what ensues
from the product of RK by KU is equal to what ensues from the product of RU by
AX. Similarly, it can also be proved that what ensues from the product of RK by
KU is equal to what ensues from the product of RU by the diameter of the circle
XI. So what ensues from the product of UK by KR is equal to what ensues from
the product of RU by either one of the diameters of the circles, and the diameters
of the two circles are equal. Therefore, the circles are equal. And that is what we
wanted to prove.

6. If RU is a semicircle, the point K is marked on its diameter so that RK is one
and a half times KU, semicircles are constructed on the lines RK and KU, a circle
is constructed between the greater semicircle and the two smaller semicircles that is
tangent to them, and the diameter QA is parallel to the line RU, then we want to
find the ratio of the diameter RU to the diameter QA.

ANy

R N K P U

We join lines between X and the points @ and A, and between () and the point R.
So the line RX is a straight line as we proved in the first proposition, and similarly it
can be proved that the line XAU is straight, the line QHU is straight, the line AVR
is straight, the line QVK is straight, the line AHK is straight, and the lines KWO
and KBI are straight. Since in the triangle RQK there is a perpendicular, on which
are RV, and another perpendicular, on which are KO, the line we join between ()
and W and extend to the base, which is QN, is perpendicular to the base, since we
proved that in the commentary [tafsir] that we placed in the treatise [gawl] about
all triangles. Therefore, the line AP becomes a perpendicular in the triangle KAU
as well. Since the angle at the point O is right, and the angle at the point X is right
as well, they are equal, and the line OK is parallel to the line XU. So the ratio of
RW to WA is equal to the ratio of RK to KU. But the ratio of RW to WA is equal
to the ratio of RN to NP—for QN is parallel to AP since they are perpendiculars.
So the ratio of RK to KU is equal to the ratio of RN to NP. And the line RK is one
and a half times KU. So the line RN is one and a half times NP as well. Since the
angle at X is right and equal to the angle at I, the line KI is parallel to the line RX.
So the ratio of @B to BU is equal to the ratio of RK to KU. But the ratio of QB
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to BU is equal to the ratio of NP to PU. So the ratio of RK to KU is equal to the
ratio of NP to PU. And the line RK is one and a half times KU. So the line NP is
one and a half times PU. And it was proved that RN is one and a half times NP. So
the three lines RN, NP, and PU are in continuous proportion, and by the amount
that makes PU four, NP is six, RN is nine, and the whole of RU is nineteen. Since
PN is equal to QA, and the line PN is six, QA is six. So the ratio of RU to QA,
which is equal to the ratio of nineteen to six, has been found. And similarly, if RK
is not one and a half times KU, but rather one and a third times, one and a fourth
times, one and a fifth times or any other ratio, then this ratio can be found as well.
And that is what we wanted to prove.

7. If in the circle RU there is also a square on which are RU, and the circle KQ
is constructed in the square, then the circle RU is twice the circle KQ.

R A
K \Q
U

We draw the diagonal of the square, which is RU, and it is evident that this line
is also a diameter for the circle RU. We also draw the diameter of the circle K@),
which is K. Since the square of the line RU is twice the square of the line RA, and
the line K@ is equal to the line RA, the square of the line RU is twice the square of
the line KQ. So the circle RU is twice the circle KQ. And that is what we wanted
to prove.

8. If in any circle an arbitrary line RU other than the diameter is drawn, it is
prolonged straight, the line UK is made equal to half of the diameter of the circle,
a line is joined between K and the center @), and it is extended toward A, then the
arc RA is three times the arc IU.
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We draw the line AX parallel to the line RU, and we join the lines QX and QU.
Since the lines QX and QA are equal, the angle KQX is twice the angle QAX. And
since the line UK is equal to the line UQ, the angle UK(Q is equal to the angle UQK.
And the angle KAX is equal to the angle UKQ as well, since they are alternating.
So the angle KAX is equal to the angle UQK. Then, the angle KQX is twice the
angle UQK. So the whole angle UQX is three times the angle KQU. Therefore, the
arc UX is three times the arc Ul. And the arc UX is equal to the arc AR, since the
line AX is parallel to the line RU. So the arc AR is three times the arc UI. And that
is what we wanted to prove.

9. If in any circle the lines RU and QK intersect anywhere other than the center,
and they intersect at right angles, then the arcs RK and QU are equal to the arcs
RQ and KU.

Q
A i X
R U
K

We draw the diameter AX parallel to the line RU. Then it is evident that the
diameter AX bisects QK, so let it bisect it at the point H. And the arc AQ is equal
to the arcs AR and RK. Since the arc AKX is a semicircle, and the arc AQ is equal
to the two arcs AR and RK, the arc QX with the arcs AR and RK is equal to the
semicircle AKX. And the arc AR is equal to the arc XU. So the arc QU with the
arc RK is equal to the semicircle AKX. But the arc XU with the arc RK is equal
to the arc AQ. So the arc QU with the arc RK is equal to the arc UK with the arc
RQ. And that is what we wanted to prove.

10. If there is a circle on which are RK(Q), the line RU is a tangent of it, the line
UK is a secant of it, the line QU is also a tangent of it, the line QA is parallel to
the line UK, the line AR is joined, and a perpendicular, on which are XH, to AQ is
drawn from the point X, where the lines UK and AR intersect, then the line AQ is
bisected at H.
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R
A 7] Q

We join the line X@Q. Since the line RU is a tangent, and the line R() is a secant of
the circle, the angle URQ is equal to the angle RAQ. But the angle RAQ is equal to
the angle RXV, so the angle URQ is equal to the angle RXV. So what ensues from
the product of UX by UV is equal to the square of the line RU. And the square of
the line RU is equal to the square of the line UQ). So what ensues from the product
of UX by UV is equal to the square of the line UQ. And so the angle UX(Q is equal
to the angle VQU. Since the angle VQU is equal to the angle UX(Q), the angle VQU
is equal to the angle VRU, and the angle URQ is equal to the angle RXU, the angle
RXU is equal to the angle QXU. The angle RXU is equal to the angle XAQ, and
the angle UX(Q is equal to the angle AQX. So the angle XAQ is equal to the angle
AQX. But the right angle AHX is equal to the right angle QHX. And the side XH
is common. So the line AH is equal to the line HQ). And that is what we wanted to
prove.

11. If in a circle the lines RU and K( intersect at right angles and at [a point|
other than the center, then the squares of the lines RX, XU, KX and X(@), when
added, are equal to the square of the diameter.

K

Q

We draw the diameter RA, and we join the lines RK, RQ), QU and KA. Since
the angle QXR is right, it is equal to the angle RKA. And the angle RQK is equal
to the angle KAR. So the angle ARK remains equal to the angle UR(). And so the
arc UQ is equal to the arc KA. Therefore, the line QU is equal to the side KA. And
since the squares of the lines KX and RX, when added, are equal to the square of
the line KR, the squares of the lines UX and X(@) are equal to the square of the line
QU, and the line QU is equal to the line KA, the squares of the lines KX, RX, UX
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and X@ are equal to the squares of RK and KA. And the squares of the lines KR
and KA are equal to the square of the line RA, which is the diameter. So the squares
of the lines KX, RX, UX and X(@ are equal to the square of the diameter. And that
is what we wanted to prove.

12. If there is a semicircle on its diameter RK, tangent lines on which are UQ
and UA are drawn to the circle from the point U, the lines QK and AR are joined

so that they intersect at B, and the line UBX is drawn, then UBX is perpendicular
to RK.

£

R X K

\(O
[ =

We join the lines QR and AK. Since the angle KQR is right, the angles QRK
and QKR are equal to a right angle. But the angle KAR is right. So the angles
QRK and QKR are equal to the angle KAR. And the angle AK(Q is common. So
the angles QRK, QKR and AKQ are equal to the angles KAR and AK(Q. But the
exterior angle QBA is equal to the interior angles KAR and AKQ. So the angle QBA
is equal to the angles QKR, QRK and QKA. And since the line QU is tangent to
the circle, and the line QK is a secant of the circle, the angle KQU is equal to the
angle QRK. And similarly it can be shown that the angle UAR is equal to the angle
AKR. So the angles KQU and UAR, when added, are equal to the angles QRK and
RKA, which are equal to the angle @BA. And it was proved in our treatise [gawl]
about quadrilaterals that if there are two equal straight lines that meet, two lines are
drawn between them so that they intersect, and the angle that the two intersecting
lines enclose is equal to the two angles that these two lines with the previous lines
enclose—as the angle QBA here is equal to the angles UQB and UA B—then the line
QU is equal to the line BU. Therefore, the angle QBU is equal to the angle UQB.
And it was proved that the angle U@QB is equal to the angle QRK, so the angle QBU
is equal to the angle QRK. So the angle QRK from the quadrilateral RQBX with
the angle @BX from it is equal to two right angles. So the angles RXB and RQB
remain equal to two right angles. And the angle RQK is right. So the angle RXU
remains [equal] to a right [angle]. And that is what we wanted to prove.

13. If there is a circle, two lines are drawn in it, one of which is RU and the
other is K@, the line RU is the diameter of the circle, K@ is a line that does not
pass through the center, and perpendiculars UX and RA are drawn from the points
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R and U, then I say that they cut off two equal segments from the line K@), which
are KA and XQ.

We join the line AU, we make the point H the center, and we draw a perpendic-
ular, on which are HB, from it to KQ. And let us extend it to the point I on the
line AU. Since the line HB passes through the center, and intersects K which does
not pass through the center at right angles, it bisects it. So the line KB is equal to
the line BQ). Since the angle HBK is right, and the angle RAQ is right, the line HI
is parallel to the line RA. But the line RH is equal to the line HU. So Al is equal
to 1U, and the line AB is equal to the line BX. And it was proved that the whole of
KB is equal to the whole of B@Q. So the line KA remains equal to the line X@. And
that is what we wanted to prove.

14. If RU is a semicircle, the lines RK and U(Q are equal, semicircles are con-
structed on the lines RK, KQ and QU, the semicircles on the equal lines RK and
UQ are constructed inside the semicircle RU, the semicircle on the line K() is con-
structed outside it, the center of the semicircle RU and the semicircle on the line
K@, which is constructed outside it, is the point A, AX is perpendicular to RU, and
it is extended to the point H, then the circle whose diameter is equal to XH is equal
to the surface the smaller semicircles and the greater semicircle enclose—and this is
the figure Archimedes names the salinun (cdAwvov), because it resembles the shape
of the s’n [7].

X

A
RK_JQ U
H

Since the line QK was bisected at A, and KR was added to it, the squares of
the lines QR and RK are equal to twice the squares of the lines QA and AR. But
the line XH is equal to the line QR. So the squares of the lines XH and RK are
twice the squares of the lines QA and AR. And since the line RU is twice the line
RA, and the line K@ is twice the line A, the squares of the lines RU and QK are
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four times the squares of the lines RA and QA. And twice these squares are equal
to the squares of the lines XH and RK. So the squares of the lines RU and K( are
twice the squares of the lines XH and RK. Therefore, the circles whose diameters
are the lines RU and K@ are twice the circles whose diameters are the lines XH
and RK. So the semicircles on which are RU and K(Q are equal to the circles whose
diameters are the lines XH and RK. But the circle whose diameter is RK is equal
to the semicircles QU and RK. So if we remove these two common semicircles, the
figure the four semicircles RU, RK, K@) and QU enclose—and which Archimedes
names the salinun (cdAwvov)—is equal to the circle whose diameter is XH. And that
is what we wanted to prove.

15. If RU is a semicircle, the line RK is a chord of a pentagon inside it, the arc
RK is bisected at the point @), the line K@ is joined, it is extended so that it falls
at the point A, the line QU is joined so that it intersects the line KR at X, and the
perpendicular, on which are XH, is drawn from the point X to RU, then I say that
the line AH is equal to half of the diameter of the circle.

K
Q

U V H R A

We join the line KU, and we make the center V. And we join the lines QV, QH
and @QR. Since the angle RUK is an angle whose base is the side of a pentagon, it is
two fifths of a right [angle]. And each one of the angles KUQ and QUR are a fifth
of a right angle. And the angle QVR is twice the angle QUR, so it is two fifths of a
right [angle]. Since the angle QUR is equal to the angle KUQ, and the angle RKU
is equal to the angle XHU—since they are both right [angles|—and the side XU is
common, the side KU is equal to the side UH. The line UQ is also common. And
the angles KUQ and QUR are equal. So the angle UK(Q) is equal to the angle UHQ.
And each one of them is equal to six fifths of a right [angle]. But the angle UKQ
is equal to the exterior angle of the quadrilateral UKQR in the circle, which is the
angle QRA. So the angle QRU remains equal to the angle QHR. Therefore, the line
QR is equal to the line QH. Since the angle V is two fifths of a right [angle], and
the angle QHU is six fifths of a right angle, the angle VQH remains equal to two
fifths of a right [angle]. Since the angle RQA is an exterior angle of a quadrilateral
inscribed in the circle, and it is the opposite of the angle RUK, it is two fifths of a
right [angle]. So the angle VQH is equal to the angle AQR. And the angle ARQ is
equal to the angle VH(Q. And the side QH is equal to the side QR. So the side AR
is equal to the side HV. And the line RH is common. So the line AH is equal to the
line RV, which is half of the diameter. And that is what we wanted to prove.
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